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The cumulants of flow harmonic fluctuations are considered as one the main observables for testing
the collectivity in the heavy-ion physics. Using a multi-dimensional generating function, we propose
a method to extract all possible cumulants of multi-harmonic flow fluctuations. The procedure is
implemented in a Mathematica package that can be employed to obtain cumulants for any combina-
tions of flow harmonics. Using iEBE-VISHNU event generator, we study all possible cumulants with
order 2, 3, 4, 5 for harmonics 2, 3, 4, 5. Introducing normalized cumulants, we compare the eccentric-
ity fluctuations with flow fluctuations. We show that the sign difference between some initial and
final state cumulants containing symmetry plane correlations can be explained by adding a phase
to the hydrodynamic linear response coefficient. Finally, we introduce a general method to obtain
multi-particle correlation functions. The latter set of observables can be employed to investigate
the flow and non-flow effects in large and small systems. We specifically study the flow-induced
three-particle correlation function in Pb–Pb collisions by using iEBE-VISHNU.
I. INTRODUCTION
The anisotropic particle emission is a crucial observa-
tion approving the collective evolution of the produced
matter in ultra-relativistic heavy-ion collisions. It has
been a challenge from theoretical and experimental point
of view to introduce an observable that theoretically
fruitful and experimentally feasible to measure. Many
achievements have been accomplished so far, and many
more studies are ongoing in this respect. The coefficient
of the particle distribution Fourier series, called flow har-
monics is a building block of studying the particle dis-
tribution. The elliptic flow (the second Fourier coeffi-
cient) [1–3] is considered as a clear signal of the collective
picture in heavy-ion collisions. Measuring the genuine
n-particle correlations (cumulants) among final emitted
particles [4, 5] is used for decades as a practical and an ef-
ficient way for measuring flow harmonics by experimental
collaborations [6–14]. In recent years, however, observ-
ing a similar signal in small systems such as p–p or p–Pb
collisions raise questions about relation between the flow
observables and the collectivity.
Due to the quantum mechanical nature of partons in-
side the nucleons, the initial geometry of the collision
fluctuates from one event to the other. The observation
of triangular flow (the third Fourier coefficient) [15] in
Pb–Pb collision indicates that triangular shape can be
produced at initiation time even if the triangularity is
zero in many event averages. Given the fact that only
fluctuating flow harmonics are accessible in the exper-
iment, the distribution function of the fluctuations has
been investigated from different perspectives. Apart from
single harmonic cumulants mentioned above, correlation
between symmetry planes [16–23] and correlation among
two and more flow amplitudes [24–28] reveal the aspects
of the fluctuations after a collective evolution. A sys-
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tematic procedure to analyze the flow cumulants at any
order is introduced in [29].
A part of the present study should be considered along
the same path as followed by Ref. [29]. We introduce a
generic framework for generating all possible cumulant
interested for heavy ion community. We start from a
generic definition of cumulants based on generating func-
tions for an arbitrary number of variables. We extract
and classify possible cumulants depending on the or-
der of the cumulants and the involving harmonics. To
ease future studies, we have prepared a Mathematica
package accessible as the ancillary file for the present
manuscript or in the GitHub repository [30]. For cases
that the Mathematica software is not available, a list of
few first multi-harmonic cumulants are tabulated in the
Appendix A.
Using this formalism, we can study the fluctuations
via a double expansion, Fourier-cumulant series. The
comparison between the eccentricity cumulants in the
initial state with that obtained from flow harmonics in
the final state contains crucial information about the ini-
tial state fluctuation and collective evolution. Here, we
study all possible 2, 3, 4, 5 order cumulants for harmon-
ics 2, 3, 4, 5 by using a realistic Monte Carlo simulation,
iEBE-VISHNU [31]. We find that the sign difference be-
tween some initial and final state symmetry plane corre-
lations can be explained by adding a phase to hydrody-
namic linear response coefficient.
Correlation of two particles in different azimuthal an-
gle and pseudo-rapidity has been measured for large and
small systems. Organizing all possible cumulants up to
a given order enable us to systematically extend two-
particle to multi-particle correlation functions. We ig-
nore the pseudo-rapidity dependence here. Specifically,
the flow-induced three-particle correlation function for
harmonics 2,3,4,5 is investigated via iEBE-VISHNU.
The present work is structured as follows: The section
II is dedicated to an overview on connecting the single
variable particle distribution function in an event to the
infinite variable flow fluctuation distribution. In section
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2III, generating function method for multi-harmonic cu-
mulants is presented. In section IV, the functions avail-
able in the Mathematica package are introduced. A re-
alistic Monte Carlo study is presented in section V. The
sign difference between initial and final state cumulants
are explained by assuming a phase to the linear hydro-
dynamic response coefficient. In section VII, we study
genuine three-particle correlation functions. In the ap-
pendix A, a list of few first cumulants is tabulated. De-
tail of some derivations in the text is presented in the
appendices B to D.
II. MULTI-HARMONIC FLOW
FLUCTUATIONS
In this section, we overview the concept of multi-
harmonic flow fluctuation observables. Although the
whole picture is already well understood, few intermedi-
ate steps are not mentioned explicitly over the past years
or need to be generalized to the cases with non-vanishing
flow fluctuations. For that reason, we present this section
to be self-content and self-consistent.
The outcome of any collective model in heavy-ion
physics is a probability of finding a single particle in the
azimuthal angle ϕ in the detector shown here by f(ϕ).
This probability density function contains cumulative in-
formation about pre-equilibrium, initial state, collective
evolution and the freeze-out. In an ideal case, one can ex-
tract f(ϕ) from a single event by measuring the particle
distribution and study its Fourier series,
f(ϕ) =
1
2pi
[
1 + 2
∞∑
a=1
(va,x cos aϕ+ va,y sin aϕ)
]
, (1)
where (va,x, va,y) are Fourier coefficients of the distribu-
tion, called flow harmonics. Considering the multiplic-
ity in a single event as M , the probability of observing
an specific configuration of particles in the detector as
(ϕ1, . . . , ϕM ) is given by
F (ϕ1, . . . , ϕM ) = f(ϕ1) · · · f(ϕM ). (2)
According to the central limit theorem (CLT), irrespec-
tive of the distribution f(ϕ) the probability density func-
tion (p.d.f.) of the quantity qn defining as
qa =
1
M
M∑
i=1
ei a ϕi (3)
is Gaussian where its mean value is given by
〈qa〉events = 〈ei a ϕ〉f (4)
and its width is proportional to 1/M . In Eq. (4), the
average is performed over many events in the LHS while
in the RHS, the quantity 〈· · ·〉f is an average performed
over theoretical f(ϕ). Referring to Eq. (1), the equality
va,x+iva,y = 〈qa〉events is accurate only in the limit M →
∞ while the multiplicity is finite in a single event. In
general, there are several subtleties in the real experiment
that we try to address the most important of them in the
following.
The number of particles in a single event is finite, and
its value in our experimental setups is not enough to
measure the coefficients (va,x, va,y) accurately. We can
overcome this obstacle by using many events to increase
statistics. This solution is not perfect because it is not
possible to prepare two different events with the same ini-
tial state. It means each event has unique f(ϕ) and con-
sequently unique (va,x, va,y). Strictly speaking, Eq. (2)
should be replaced by the following functional integral
F (ϕ1, . . . , ϕM ) =
∫
DpP [f(ϕ)] f(ϕ1) · · · f(ϕM ), (5)
where P [f(ϕ)] is the probability functional for finding
p.d.f. f(ϕ) in a given event. One is able to parameter-
ize P [f(ϕ)] in terms of the Fourier coefficients of f(ϕ).
Consequently, the measure in the integral (5) is written
as ∫
DpP [f(ϕ)] →∫ [ ∞∏
a=1
dva,xdva,y
]
p(v1,x, v1,y, v2,x, . . .),
(6)
where p(v1,x, v1,y, v2,x, . . .) is the theoretical p.d.f. of the
flow fluctuations.
Now the question we should answer is the connection
between theoretical p (shown without its argument for
simplicity) and the experimental observation similar to
what we have done in Eq. (4). The detail of the com-
putations can be found in appendix B. Using a complex
notation vˆa = va,x + iva,y, the most general moment of p
can be written as 〈vˆa1 · · · vˆak〉p with ai indices that can be
repeated. Due to the statistical fluctuations, the moment
〈vˆa1 · · · vˆak〉p is not equal to 〈qa1 · · · qa2〉events. In fact,
〈vˆa1 · · · vˆak〉p can be related to a part of 〈qa1 · · · qa2〉events,
the k-particle summation as follows (see appendix B)
〈vˆa1 · · · vˆak〉p =
(M − k)!
M !
〈
∑
i1 6=···6=ik
ei(a1ϕi1+···+akϕik )〉events, (7)
where M > k. Additionally, one can show that
〈vˆa1 · · · vˆak〉p = lim
M→∞
〈qa1 · · · qak〉events. (8)
The above relation is manifestly correct because if we
have infinite multiplicity in a single event, we can derive
vˆai in a single event and consequently flow fluctuations
are fully determined. The Eq. (7) together with Eq. (8)
means that by removing the auto-correlations and av-
eraging over many events [4, 5] the effect of statistical
fluctuations in a single event is removed and, by em-
ploying equation (7), one gets the accurate result for the
moments of p distribution. The RHS in Eq. (7), is an
average at finite M and can be measured experimentally
3via multi-particle correlation technique [24, 32] while the
LHS is in infinite M . This equality is correct when we
compute it at the infinite number of events N →∞.
The statistical uncertainty at finite N and M is stud-
ied in detail in appendix B. Specifically, Eqs. (B25) and
(B26) lead to a general formula for correlation uncer-
tainty at the presence of flow fluctuations. As an exam-
ple, the statistical error of 〈v2n〉events is given by
σ2〈v2n〉 =
1
N
[
〈v22n〉+ 1
M(M − 1)+
2(M − 2)
M(M − 1)
[
〈v2nv2n cos(2n(ψn − ψ2n))〉+ 〈v2n〉
]
+
(M − 2)(M − 3)
M(M − 1) 〈v
4
n〉 − 〈v2n〉2
]
.
(9)
In the Mathematica package available with this
manuscript, a function for producing the statistical error
of any moment is available (see section IV). The above
formula is a generalization of that mentioned in [5, 24, 33]
when the flow fluctuations are also taken into account. It
turns out that the statistical uncertainty at finite N is
given by σp/
√
N when M → ∞ and σp is the width of
distribution p. At finite values of M , apart from σp/
√
N ,
there are terms proportional to 1/
√
N M i for i = 1, 2, . . ..
This estimation indicates that at N →∞ the statistical
fluctuation goes to zero irrespective of the value of M .
On the other hand, we need more events to reduce the
statistical uncertainties for small values of M .
Referring to Eq. (7), we find that measurement of the
moments of p is always related to measuring correlations
between different particles in the experiment. While the
initial state and collective transportation are the physics
we are interested in, the non-flow background correla-
tions contaminate the experimental observation. Ignor-
ing the flow fluctuation, the equation (2), should be re-
placed by
F (ϕ1, . . . , ϕM ) = f(ϕ1) · · · f(ϕM )
+ Fnon-flow(ϕ1, . . . , ϕM ),
(10)
where Fnon-flow(ϕ1, . . . , ϕM ) is correlation developed by
non-flow effects in a single event. An standard way to by-
pass the non-flow effects is using cumulants. By measur-
ing mth order cumulant we practically measure a genuine
correlation amongmth particles. Therefore by measuring
the mth order cumulant of the distribution, we automat-
ically remove any n-particle non-flow correlations with
n < m. At the presence of flow fluctuation, the same
structure as Eq. (10) appears even if we ignore non-flow
effects. The Eq. (5) is written as follows (for the detail
see appendix C)
F (ϕ1, . . . , ϕM ) = f(ϕ1) · · · f(ϕM )
+ Fflow-fluc(ϕ1, . . . , ϕM ),
(11)
where f(ϕ) is the “many events average” of the single
particle distribution Eq. (1) and Fflow-fluc(ϕ1, . . . , ϕM ) is
the joint correlation part appears because of averaging
over many fluctuating events. As a result, there are two
entangled parts in genuine multi-particle correlations:
the first part is developed by non-flow effects in a single
event, and the second part fictitiously appears because of
averaging over many fluctuating events. To study lower
order cumulants, which contain non-trivial and impor-
tant information about flow fluctuations, we need to use
other methods to reduce non-flow effects [23, 34].
There is still one piece which is not experimentally ac-
cessible in p(v1,x, v1,y, v2,x, . . .) conveniently. In the ex-
tended object collisions e.g. Pb–Pb collisions, the ini-
tial state geometry depends on the impact parameter
and its angle relative to the lab frame shown by ΦRP.
Experimental measurement of ΦRP is not an easy task.
Therefore, we focus on observable which are invariant
against rotation in the transverse direction. Taken this
fact into account, the distribution f(ϕ) is not experimen-
tally accessible, because the average of 〈vn,x〉 and 〈vn,y〉
are always zero, and the starting point is the well-known
two-particle correlation function (2PC) [35–38]
C2(∆ϕ) =
1
(2pi)2
[
1 + 2
∞∑
n=1
cn{2} cos(n∆ϕ)
]
. (12)
Noting the fact that cn{2} = 〈v2n,x + v2n,y〉 + 〈vn,x〉2 +
〈vn,x〉2, the contribution of geometry and fluctuations are
mixed up into C2(∆ϕ) due to the rotating the reaction
plane. There are some cases, however, that 〈vn,x〉 '
〈vn,x〉 ' 0 (e.g. n = 3 in Pb-Pb collisions) in which the
observed oscillating pastern in C2(∆ϕ) is merely induced
by flow fluctuations in different events.
The flow induced genuine q-particle correlation func-
tion (qPC) can be written in terms of qth order cumu-
lants. The derivation is elaborated in appendix C. In
section VII, 3PC is studied by using a realistic Monte
Carlo event generator.
III. MULTI-HARMONIC GENERATING
FUNCTION
The moment generating function of a generic multi-
variate p.d.f. g(~x) is obtained via
G(~p) ≡ 〈ei~x·~k〉g =
∫
d~x g(~x) ei~x·~k, (13)
where ~x is a m-dimensional random vector. The cu-
mulants of the distribution function g(~x) (shown by
Ka1,...,am) are the Taylor expansion coefficients of cumu-
lative function logG(~k),
logG(~k) =
∑
a1,...,ak
k∏
i=1
(iki)
ai
ai!
Ka1,...,ak . (14)
4The Eq. (14) can be used to compute the multi-
dimensional cumulants of p(vn1,x, vn1,y, . . . , vnk,x, , vnk,y)
where we have kept only k flow harmonics compared to
infinite dimensional p.d.f. in Eq. (6). The randomness
of the reaction plane angle in real experiment, however,
modifies the p.d.f. such that only specific combinations
of cumulants are non-vanishing and we lose the rest of
the information. For instance, keeping one flow harmonic
p(vn,x, , vn,y) the first two non-vanishing combinations of
cumulants are [39, 40]
K20 +K02 = 〈v2n〉,
K40 + 2K22 +K04 = 〈v4n〉 − 2〈v2n〉2,
(15)
where in the above we have used the polar coordinate for
flow harmonics,
vn,x = vn cosnψn, vn,y = vn sinnψn. (16)
The RHS of Eq. (15) is well-known cumulants cn{2} and
cn{4} introduced in [5] and widely used as a probe for
collectivity in heavy-ion experiment.
In general, it is more convenient if we rewrite the dis-
tribution in polar coordinate. Subsequently, the random-
ness of the angle ΦRP leads to a rotationally symmetric
distribution shown by
p˜(~v, ~δψ), (17)
where
~v = (vn1 , . . . , vnk),
~δψ = (δψn1 , . . . , δψnk−1). (18)
and δψni = ψni+1−ψn1 . Considering the rotational sym-
metry, one can first average the characteristic function
over the azimuthal angle to find a symmetric character-
istic function. Then the non-vanishing combination of
cumulants of p(vn1,x, vn1,y, . . . , vnk,x, , vnk,y) can be ob-
tained directly from symmetric characteristic function,
G(~k, ~δφ) = 〈J (~v,~k, ~δψ, ~δφ)〉p˜ (19)
where
J
(
~v,~k, ~δψ, ~δφ
)
=
1
2pi
∫ 2pi
0
dψn1e
i L (20)
and
L = i vn1kn1 cosn1ψn1
+ i
k∑
i=2
vnikni cos
[
ni
(
ψn1 + δψni−1 − δφni−1
)]
.
(21)
For the derivation refer to the appendix D. Having found
G(~k, ~δφ) the cumulants of flow fluctuations can be ob-
tained from the following expansion,
log G(~k, ~δφ) =
∑
m1,...,mk
α1,...αk−1
km1n1 · · · kmknk eiα1δφn1 · · · eiαk−1δφnk−1
× `(~m, ~α) c{α1,...αk−1}n1,...,nk {m1, . . . ,mk},
(22)
where mi = 0, 1, 2, . . ., and αi = 0,±1,±2, . . .. By defini-
tion nis are all distinguished, and we impose an strictly
ascending order convention, n1 < · · · < nk.1 The coeffi-
cient `(~m, ~α) is a numerical factor which does not depend
on the moments. We fix the coefficient in such a way that
the numerical factor of the highest rank moment in cumu-
lant c
{α1,...αk−1}
n1,...,nk {m1, . . . ,mk} turns to be equal to unity.
The order of the cumulant is defined as
q = m1 + · · ·+mk (23)
which means q-particle correlations are needed to mea-
sure these quantities in the experiment. The Eqs. (7) and
(8) in the polar coordinate are combined to
〈〈k〉a1,...,ak〉events ≡
〈va1 · · · vak eia1ψa1+···+iakψak 〉events =
(M − k)!
M !
〈
∑
i1 6=···6=ik
ei a1ϕi1+···+i akϕik 〉events,
(24)
where in the above the constraint a1 + · · · + ak = 0 is
applied. The LHS is experimentally measurable using
nested loops or by employing the generic framework of
multi-particle correlation functions [24, 32].
We clarify the complication of the expansion (22)
with a well-known example in the following. Al-
though an analytical expression for the cumulants
c
{α1,...αk−1}
n1,...,nk {m1, . . . ,mk} can be found by using Eq. (22),
its computation is cumbersome. If we keep only one flow
harmonic (k = 1), however, the integral in Eq. (20) is
easy to perform. The integration leads to J (vn, k) =
J0(k vn), where J0(x) is the Bessel function of the first
kind. Consequently, the expansion in Eq. (22) reduces to
log〈J0(kn vn)〉p˜ =
∑
m
kmn `(m) cn{m}, (25)
where
`(m) =
im
2m(m/2!)2
. (26)
The Eq. (25) leads to the well-known cumulants cn{2m}
introduced in [5]. The coefficient (25), is chosen such
that in the cumulant cn{2m}, the numerical factor of
the moment 〈v2mn 〉 is fixed to be unity.
Keeping two flow harmonics, the flow fluctuation dis-
tribution contains three degrees of freedom vn1 , vn2 , and
δψn1 . In this case, the function J can be written in
terms of generalized Bessel function [41], and by expan-
sion one obtains the cumulants c
{α1}
n1,n2{m1,m2}. How-
ever,extracting them is arithmetically more involved. For
more general case, the complexity increases which enforce
us to choose a more practical and efficient way for com-
putation.
1 In this manuscript, we use harmonic index ai for those that can
be repeated in the sequence while ni is reserved for strictly as-
cending indices.
5IV. ONE PACKAGE FOR ALL CUMULANTS
To find any cumulant c
α1,...αk−1
n1,...,nk {m1, . . . ,mk} with or-
der m1 + · · · + mk, we provide a Mathematica package,
available as a ancillary file for this manuscript or in the
GitHub repository [30]. In the package, we first com-
pute the Taylor expansion of the exponential function in
Eq. (20) in terms kn1 , kn2 , . . . up to order m1,m2, . . ..
Then we perform the integral in Eq. (20). After that we
replace the combinations vw1n1 · · · vwknk eβ1δψn1 · · · eβkδψnk in
the expansion with a symbolic variable as a moment.
Computing the logarithm of the result, we read the coef-
ficient of k1, k2, . . . in the Taylor series, and α1, α2, . . . in
the Fourier series. We extract the cumulants in term of
our symbolic moment variables up to a numerical factor
`(~m, ~α) by comparing the result with Eq. (22). We single
out the highest moment in the result and chose the coef-
ficient `(~m, ~α) to fix the numerical factor of the highest
moment to unity.
The available functions in the package is listed in a
short manual at the header of the package file. One of
the functions is
c[{m1,...,mk},{α1,...,αk−1},{n1,...,nk},v,ψ]
(27)
that returns the associated cumulants written in terms
of moments of variables vn and ψn. For instance,
In[1]:= c[{4},{},{2},v,ψ]
Out[1]:= 〈v42〉 − 2〈v22〉2
In[2]:= c[{2,1},{4},{2,4},,φ]
Out[2]:= 〈224 cos (4 (φ2 − φ4))〉
In[3]:=c[{2,2},{0},{2,3},v,ψ]
Out[3]:= 〈v22v23〉 − 〈v22〉〈v23〉.
(28)
To prepare an output directly applicable to the recursive
method mentioned in [24], one can use
cCorr[{m1,...,mk},{α1,...,αk−1}
,{n1,...,nk},corr]
(29)
where its output is written in terms of particle correla-
tions. For instance
In[1]:= cCorr[{2,2},{0},{2,4}},corr]
Out[1]:= corr[−4,−2, 2, 4]− corr[−2, 2]corr[−4, 4], (30)
where, referring to Eq. (24),
corr[a1, . . . , ak] ≡ 〈〈k〉a1,...,ak〉. (31)
Using function CForm (FortranForm) in Mathematica,
one immediately obtains an expression applicable in C++
(Fortran) code.
The other function, we advertise here is
cTable[{n1,...,nk},minOrd,maxOrd,v,ψ] (32)
that returns a table of all non-vanishing cumulants for
flow harmonics n1, . . . , nk and orders between minOrd
and maxOrd. It is worth mentioning that considering
more flow harmonics and computing higher order cumu-
lants make the computations more time consuming. For
future studies and for cases that Mathematica software
is not available, we tabulate the cumulants of flow har-
monics n = 2, . . . , 6 up to four-harmonics in appendix A.
In Tables II to V in the appendix A, we present the one-
and two-harmonics cumulants up eight, and three- and
four-harmonics up to six order, considering the length of
the final expressions. The interested reader can extract
the cases which are not appeared in the tables by using
the Mathematica package. Except for the one-harmonic,
the final expression of the cumulants is mostly depended
on the values of n1, . . . , nk. There are still repeating pat-
terns in the expressions. We briefly point out some of
them shortly. However, we sacrifice brevity for the sake
of clearness and dedicate a separate table for each combi-
nation of flow harmonics regardless of repeating patterns.
Apart from cn{2m} cumulant which is obviously a spe-
cial case of c
{α1,...αk−1}
n1,...,nk {m1, . . . ,mk}, there are several
multi-harmonic cumulants in the literature such as Sym-
metric Cumulants [24], Generalized Symmetric Cumu-
lants for some combination of harmonics [28] (as a differ-
ent approach in this reference, the cumulants of flow am-
plitude squared fluctuations are studied which for some
cases it is equivalent to what is presented here), asym-
metric cumulant [23], and Flow Moment Correlation [42]
as specific cases of what has been presented here.
Finally, let us briefly introduce the functions re-
turn the statistical spread of multi-particle correlations
〈〈k〉a1,...,ak〉events in Eq. (24). The algorithm used in these
functions is explained in the technical appendix B. The
functions are
Nsigma2Moment[{a1,...,ak},v,ψ,M]
Nsigma2MomentCorr[{a1,...,ak},corr,M]
(33)
returning the statistical spread of correlation multiplied
by the number of events, Nσ2〈〈k〉〉〉. For instance,
1
N
Nsigma2Moment[{-2,2},v,ψ,M]
returns what is mentioned in Eq. (9). The function
Nsigma2MomentCorr return the same quantity written
terms of correlations.
V. FOURIER - CUMULANT EXPANSION TO
STUDY FLOW DISTRIBUTION
An essential property of cumulant analysis is that the
lowest order cumulants capture the global features of the
p.d.f. and by moving toward higher orders, more details
play the role. The same can be considered for Fourier
expansion of f(ϕ) in Eq. (1) where lower harmonics con-
tain more coarse-grained picture compared to higher har-
monics. As a result, we usually consider a double ex-
pansion for studying p˜(~v, ~δψ) (see Eqs. (17) and (18)):
6TABLE I. List of all cumulants with order q = 2, 3, 4, 5 involving harmonics n = 2, 3, 4, 5.
cumulant order cumulant expression
c2{2} 2 〈v22〉
c3{2} 2 〈v23〉
c4{2} 2 〈v24〉
c5{2} 2 〈v25〉
c
{4}
2,4 {2, 1} 3 〈v22v4 cos (4 (ψ2 − ψ4))〉
c
{−3,5}
2,3,5 {1, 1, 1} 3 〈v2v3v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉
c2{4} 4 〈v42〉 − 2〈v22〉2
c3{4} 4 〈v43〉 − 2〈v23〉2
c4{4} 4 〈v44〉 − 2〈v24〉2
c5{4} 4 〈v45〉 − 2〈v25〉2
c
{0}
2,3 {2, 2} 4 〈v22v23〉 − 〈v22〉〈v23〉
c
{0}
2,4 {2, 2} 4 〈v22v24〉 − 〈v22〉〈v24〉
c
{0}
2,5 {2, 2} 4 〈v22v25〉 − 〈v22〉〈v25〉
c
{0}
3,4 {2, 2} 4 〈v23v24〉 − 〈v23〉〈v24〉
c
{0}
3,5 {2, 2} 4 〈v23v25〉 − 〈v23〉〈v25〉
c
{0}
4,5 {2, 2} 4 〈v24v25〉 − 〈v24〉〈v25〉
c
{6,−4}
2,3,4 {1, 2, 1} 4 〈v23v2v4 cos (2 (ψ2 − 3ψ3 + 2ψ4))〉
c
{8,−5}
3,4,5 {1, 2, 1} 4 〈v24v3v5 cos (3ψ3 − 8ψ4 + 5ψ5)〉
c
{3,4,−5}
2,3,4,5 {1, 1, 1, 1} 4 〈v2v3v4v5 cos (2ψ2 − 3ψ3 − 4ψ4 + 5ψ5)〉
c
{6}
2,3 {3, 2} 5 〈v32v23 cos (6 (ψ2 − ψ3))〉
c
{4}
2,4 {2, 3} 5 〈v22v34 cos (4 (ψ2 − ψ4))〉 − 2〈v24〉〈v22v4 cos (4 (ψ2 − ψ4))〉
c
{4}
2,4 {4, 1} 5 〈v42v4 cos (4 (ψ2 − ψ4))〉 − 3〈v22〉〈v22v4 cos (4 (ψ2 − ψ4))〉
c
{−6,8}
2,3,4 {1, 2, 2} 5 〈v24v23v2 cos (2 (ψ2 + 3ψ3 − 4ψ4))〉
c
{0,4}
2,3,4 {2, 2, 1} 5 〈v23v22v4 cos (4 (ψ2 − ψ4))〉 − 〈v23〉〈v22v4 cos (4 (ψ2 − ψ4))〉
c
{−3,5}
2,3,5 {1, 1, 3} 5 〈v35v2v3 cos (2ψ2 + 3ψ3 − 5ψ5)〉 − 2〈v25〉〈v2v3v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉
c
{−3,5}
2,3,5 {1, 3, 1} 5 〈v33v2v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉 − 2〈v23〉〈v2v3v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉
c
{−3,5}
2,3,5 {3, 1, 1} 5 〈v32v3v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉 − 2〈v22〉〈v2v3v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉
c
{−8,10}
2,4,5 {1, 2, 2} 5 〈v25v24v2 cos (2 (ψ2 + 4ψ4 − 5ψ5))〉
c
{4,0}
2,4,5 {2, 1, 2} 5 〈v25v22v4 cos (4 (ψ2 − ψ4))〉 − 〈v22v4 cos (4 (ψ2 − ψ4))〉〈v25〉
c
{−4,10}
3,4,5 {2, 1, 2} 5 〈v25v23v4 cos (6ψ3 + 4ψ4 − 10ψ5)〉
c
{4,5}
3,4,5 {3, 1, 1} 5 〈v33v4v5 cos (9ψ3 − 4ψ4 − 5ψ5)〉
c
{−3,0,5}
2,3,4,5 {1, 1, 2, 1} 5 〈v24v2v5v3 cos (2ψ2 + 3ψ3 − 5ψ5)〉 − 〈v24〉〈v2v3v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉
c
{3,−4,5}
2,3,4,5 {2, 1, 1, 1} 5 〈v22v3v4v5 cos (4ψ2 − 3ψ3 + 4ψ4 − 5ψ5)〉
first, harmonic expansion, and second cumulant order ex-
pansion. According to this approach, c2{2} contains the
most coarse-grained information (we ignore direct flow in
the present study because of conservation of momentum
suppression). The harmonic n = 2 is the first domi-
nant flow, and c2{2} is the only possible second-order
cumulant. It is well-known that c2{2} contains infor-
mation about the initial state ellipticity together with
elliptic flow fluctuations. The first three order cumulant
is c
{4}
2,4 {2, 1} which means the harmonics n = 2, 4 should
be involved. The number of cumulants increases rapidly
by including more harmonics and keeping higher order
cumulants. In the present study, we study harmonics
n = 2, 3, 4, 5 and cumulants up to fifth order which in-
cludes 33 different cumulants as they are tabulated in
Table I.
The main part of the flow fluctuations is coming from
the initial state and quantities called eccentricities [43],
m,ne
i n φm,n ≡ −{r
meinϕ}
{rm} , (34)
where {· · · } = ∫ rdrdθρ(r, θ) is the averaging with re-
spect to the energy density ρ(r, θ). The fluctuating ini-
tial state can be described by a p.d.f. p˜(~, ~δφ), similar
to Eqs. (17). It is possible to study the initial state fluc-
tuations using same cumulants only by replacing vne
inψn
with ne
inφn where
ne
inφn ≡ n,nei n φn,n , n > 1. (35)
To compare the initial and final state fluctuations and
given the fact that the width of the fluctuating random
variables are different, it is useful to define normalized
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FIG. 1. All 2, 3, 4, 5-order normalized cumulants for harmonics n = 2, 3, 4, 5. Black squares are eccentricity fluctuations from
MC-Glauber, red filled circles are flow fluctuations after hydrodynamic evolution, and open red circles are the same as black
circles by a phase correction as mentioned in Eq. (41).
8(standardized) cumulants as
nc{α1,...αk−1}n1,...,nk {m1, . . . ,mk} =
c
{α1,...αk−1}
n1,...,nk {m1, . . . ,mk}√
cm1n1 {2} · · · cmknk {2}
,
(36)
compatible with suggestion in Ref. [44, 45] made for sym-
metry plane correlations and that suggested in [14] for
asymmetric cumulants. According to the above defini-
tion, we find that for k = 1,
ncn{2m} = cn{2m}
cmn {2}
∝
(
vn{2m}
vn{2}
)2m
(37)
compatible with [46]. Also for nc
{0}
m,n{2, 2}, we obtain
nc{0}m,n{2, 2} =
c
{0}
m,n{2, 2}
〈v2m〉 〈v2n〉
≡ NSC(vm, vn)
(38)
where NSC(vm, vn) is the normalized symmetric cumu-
lant.
Now we study the few first Fourier-cumulant terms
mentioned in the Table I. Here, we employ iEBE-
VISHNU event generator [31]. The hydrodynamic evo-
lution is initiated at τ = 0.6 fm/c using MC-Gauber for
Pb-Pb collision at
√
sNN = 2.76 GeV. The DNMR hy-
drodynamic equations with shear viscosity over entropy
density η/s = 0.8 have been solved for 14k event per each
centrality bin (the width of the bins is 5%). The particle
spectrum is obtained via Cooper-Frye prescription and
eventually flow harmonics are computed for pi±, K± and
p/p¯ particles at the final state.
In Fig. 1, the normalized version of cumulants which
has been listed in Table I for eccentricities and flow har-
monics is presented ( ncn{2} = 1 by definition). A series
of quantities in the Figure have been already studied sev-
eral times and measured experimentally. For instance,
(ncn{4})1/4 ∝ (vn{4}/vn{2}) and nc0m,n{2, 2} has al-
ready been studied. There are also 11 quantities (e.g.
nc
{4}
2,4 {2, 1}) which are, in fact, symmetry plane correla-
tions. However, there are other quantities in the figure
which are presented here for the first time. For instance,
the following two normalized cumulants (see Table III in
appendix A)
nc
{4}
2,4 {2, 3} =
〈v22v34 cos(4(ψ2 − ψ4))〉 − 2〈v24〉〈v22v4 cos(4(ψ2 − ψ4))〉
〈v22〉〈v24〉3/2
nc
{4}
2,4 {4, 1} =
〈v42v4 cos(4(ψ2 − ψ4))〉 − 3〈v22〉〈v22v4 cos(4(ψ2 − ψ4))〉
〈v22〉2〈v24〉1/2
(39)
which can be considered as the next order of the nor-
malized asymmetric cumulants nac2{3} mentioned in
Ref. [14]. We have presented all the known and unknown
quantities in Fig. 1 for completeness and comparing the
difference in their magnitudes .
VI. HYDRODYNAMIC COUPLING PHASE
AND “WRONG” SIGN CORRELATIONS
As can be seen in Fig. 1, there are cases with sign
difference between initial (black squares) and final state
(red filled circles) cumulants. It is known that the effect
is more related to the linear response of hydrodynamic
evolution rather than nonlinear mode couplings [47]. We
elaborate it more in the following.
Since the initial state is slightly deformed from the
rotational symmetry, we are able to consider the whole
collective model as a linear response equation,
vne
i nψn = kne
iχnn e
i n φn , (40)
where kne
iχn is a constant. The difference between above
formula and that mentioned in Ref. [43] is the presence
of the phase χn. The energy density associated with
moment n e
i n φn oscillates from low energy density at
φn = 0 to high energy density at φn = pi. By consid-
ering the mentioned highly symmetric initial state and
linearized hydrodynamics, we expect that an oscillatory
pattern observe in the final state too. In the “in-plane”
regime we expect high multiplicity at ψn = 0 while in
the “out-of-plane” regime we expect low multiplicity at
ψn = 0. This argument fixes the phase χn to be 0 or pi.
Since both “in-plale” and “out-of-plane” regimes are al-
lowed by hydrodynamic evolution, the value of χn = 0, pi
are allowed and cannot be fixed more by symmetry con-
siderations only.
In the linear response regime and ignoring the phase,
the coupling amplitude kn cancel out from numerator and
denominator of normalized cumulants (36), which means
the distribution of eccentricity fluctuations and flow fluc-
tuations share exactly the same normalized cumulants.
For the cumulants containing symmetry plane correla-
tions, however, the presence of the phase χn leads to dis-
crepancy between initial and final states as it can be seen
for some normalized cumulants in Fig. 1. Apart from dif-
ferences which are coming from ignoring non-linear terms
in Eq. (40), we can see a clear “wrong” sign between ini-
tial and final normalized cumulants such as nc
{4}
2,4 {2, 1},
nc
{−3,5}
2,3,5 {1, 1, 1}, etc. The “wrong” sign difference can be
explained by the following values for the phases,
χ2 = 0, χ3 = 0, χ4 = pi, χ5 = pi. (41)
It can be seen in Fig. 1, that by applying the above
phases, to the linear response coefficients, we can fix the
“wrong” sign for all observable. The remaining differ-
ences are coming from the non-linear contributions.
VII. FLOW-INDUCED GENUINE
THREE-PARTICLE CORRELATION
In Eq. (12), we have seen that the 2PC is related to the
cumulants cn{2}. This process can be extended to the
genuine correlation between any number of particles as
92π
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FIG. 2. The “unit cell” of flow-induced genuine three particle
correlation for 0− 5% (a) and 60− 65% (b) centralities.
it is systematically explained in appendix C. We present
Eq. (C10) here again,
C3(∆ϕ1,∆ϕ2) =
1
(2pi)3
[
1 + 2c
{4}
2,4 {2, 1}Φ{4}2,4 (∆ϕ1,∆ϕ2)
+ 2c
{−3,5}
2,3,5 {1, 1, 1}Φ{−3,5}2,3,5 (∆ϕ1,∆ϕ2)
]
.
(42)
which is the 3PC for harmonics n = 2, . . . , 5. In the
above,
∆ϕ1 = ϕ2 − ϕ1, ∆ϕ2 = ϕ3 − ϕ1,
and functions Φ42,4 and Φ
{−3,5}
2,3,5 can be found in Eq. (C8).
This can be extended to any number of particle correla-
tion involving any number of harmonics.
Because of the symmetry in relabeling the particles
in th final state, the function C3(∆ϕ1,∆ϕ2) enjoys the
following symmetries,
∆ϕ1 ←→ ∆ϕ2
∆ϕ1 ←→ −∆ϕ2
∆ϕi −→ ∆ϕi + 2npi, i = 1, 2, n = 0,±1, . . . .
(43)
According to these symmetries, one can define a “unit
cell” for the function C3(∆ϕ1,∆ϕ2) confined in the re-
gion,
∆ϕ1 > 0
∆ϕ2 > ∆ϕ1
∆ϕ2 < −∆ϕ1 + 2pi.
(44)
The other parts contain repeating pattern of this region.
In fact, by defining the variables,
δ1 = 2∆ϕ1,
δ2 = ∆ϕ2 −∆ϕ1,
δ3 = 2pi −∆ϕ2 −∆ϕ1,
(45)
and noting the fact that 0 < δ1, δ2, δ2 < 2pi and δ1 + δ2 +
δ3 = 2pi, we can plot the “unit cell” of C3(∆ϕ1,∆ϕ2) in
a Dalitz-like plot. Employing iEBE-VISHNU, the flow-
induced 3PC for two different centrality classes are de-
picted in Fig. 2. Although the flow-induced corrobora-
tions between three particles are small, they are mean-
ingfully non-vanishing. In Fig. 2, we have subtracted
1/8pi3 to focus only on the non-trivial correlation. As can
be seen from the figure, even in most central collisions,
there are still three-particle correlations induced by flow
fluctuations. In mid-central collisions due to the pres-
ence of non-trivial geometry average, the correlations are
sharper compared to the central collision similar to what
has been observed before for C2(∆ϕ) correlations. One of
the applications of such plots is to study the non-flow ef-
fects by comparing the same plot with that obtained from
simulations without considering flow. Also 3PC can be
employed for search of flow-like signals in small systems.
We leave these studies for the future investigations.
Experimentally, the methods have been used to extract
C2(∆ϕ) can be employed to find C3(δ1, δ2, δ3). One notes
that by choosing three particles out of M in a single
event, there are possible configurations in which at least
some of δ1, δ2, or δ3 do not lay within the range 0 to 2pi.
In these cases, we can employ the symmetries in Eq. (43)
to find the (δ1, δ2, δ3) in the appropriate range.
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VIII. CONCLUSION
A method based on multi-variate generating function
was introduced to extract and classify all possible cu-
mulants interested in heavy-ion physics. Accordingly, a
Mathematica package was prepared, which can be em-
ployed to generate the desired cumulant. The eccentric-
ity fluctuations are compared to flow fluctuation by using
normalized cumulants. We showed that we can explain
the sign difference between eccentricity and flow cumu-
lants containing symmetry plane correlations by adding a
phase to the linear hydrodynamic response coupling. We
also introduced a general way to find genuine q-particle
distribution function, qPC. This is a quantity useful for
studying flow and non-flow effects in both large and small
systems in the future. We specifically represented flow-
induced 3PC by using iEBE-VISHNU.
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Appendix A: List of few first order cumulants for harmonics 2 to 6
By employing the Mathematica package introduced in section IV, we tabulate the cumulants containing one and
two harmonics up eight order. The cumulants harmonics containing three and four harmonics are presented up to six
order.
TABLE II. One-harmonic cumulants up to order eight
{m} cn{m}
{2} 〈v2n〉
{4} 〈v4n〉 − 2〈v2n〉2
{6} 〈v6n〉 − 9〈v4n〉〈v2n〉+ 12〈v2n〉3
{8} 〈v8n〉 − 18〈v4n〉2 − 16〈v6n〉〈v2n〉+ 144〈v4n〉〈v2n〉2 − 144〈v2n〉4
TABLE III. Two-harmonics cumulants up to order eight
{m1,m2} {α} c{α}2,3 {m1,m2}
{2, 2} {0} 〈v22v23〉 − 〈v22〉〈v23〉
{3, 2} {6} 〈v32v23 cos (6 (ψ2 − ψ3))〉
{2, 4} {0} 〈v22v43〉 − 4〈v23〉〈v22v23〉 − 〈v22〉〈v43〉+ 4〈v22〉〈v23〉2
{4, 2} {0} 〈v42v23〉 − 〈v42〉〈v23〉 − 4〈v22〉〈v22v23〉+ 4〈v22〉2〈v23〉
{3, 4} {6} 〈v32v43 cos (6 (ψ2 − ψ3))〉 − 3〈v23〉〈v32v23 cos (6 (ψ2 − ψ3))〉
{5, 2} {6} 〈v52v23 cos (6 (ψ2 − ψ3))〉 − 4〈v22〉〈v32v23 cos (6 (ψ2 − ψ3))〉
{2, 6} {0} 〈v22v63〉 − 9〈v22v23〉〈v43〉 − 9〈v23〉〈v22v43〉 − 〈v22〉〈v63〉+ 36〈v23〉2〈v22v23〉+ 18〈v22〉〈v23〉〈v43〉 − 36〈v22〉〈v23〉3
{4, 4} {0} 〈v42v43〉 − 8〈v22v23〉2 − 4〈v23〉〈v42v23〉 − 〈v42〉〈v43〉 − 4〈v22〉〈v22v43〉+ 4〈v42〉〈v23〉2 + 32〈v22〉〈v23〉〈v22v23〉+ 4〈v22〉2〈v43〉 − 24〈v22〉2〈v23〉2
{6, 2} {0} 〈v62v23〉 − 〈v62〉〈v23〉 − 9〈v42〉〈v22v23〉 − 9〈v22〉〈v42v23〉+ 18〈v22〉〈v42〉〈v23〉+ 36〈v22〉2〈v22v23〉 − 36〈v22〉3〈v23〉
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{m1,m2} {α} c{α}2,4 {m1,m2}
{2, 1} {4} 〈v22v4 cos (4 (ψ2 − ψ4))〉
{2, 2} {0} 〈v22v24〉 − 〈v22〉〈v24〉
{2, 3} {4} 〈v22v34 cos (4 (ψ2 − ψ4))〉 − 2〈v24〉〈v22v4 cos (4 (ψ2 − ψ4))〉
{4, 1} {4} 〈v42v4 cos (4 (ψ2 − ψ4))〉 − 3〈v22〉〈v22v4 cos (4 (ψ2 − ψ4))〉
{4, 2} {8} 〈v42v24 cos (8 (ψ2 − ψ4))〉 − 6〈v22v4 cos (4 (ψ2 − ψ4))〉2
{2, 4} {0} 〈v22v44〉 − 4〈v24〉〈v22v24〉 − 〈v22〉〈v44〉+ 4〈v22〉〈v24〉2
{4, 2} {0} 〈v42v24〉 − 〈v22v4 cos (4 (ψ2 − ψ4))〉2 − 〈v42〉〈v24〉 − 4〈v22〉〈v22v24〉+ 4〈v22〉2〈v24〉
{2, 5} {4} 〈v22v54 cos (4 (ψ2 − ψ4))〉 − 6〈v24〉〈v22v34 cos (4 (ψ2 − ψ4))〉 − 3〈v22v4 cos (4 (ψ2 − ψ4))〉〈v44〉+ 12〈v22v4 cos (4 (ψ2 − ψ4))〉〈v24〉
{4, 3} {4}
〈v42v34 cos (4 (ψ2 − ψ4))〉 − 3〈v22〉〈v22v34 cos (4 (ψ2 − ψ4))〉 − 2〈v42v4 cos (4 (ψ2 − ψ4))〉〈v24〉 − 6〈v22v4 cos (4 (ψ2 − ψ4))〉〈v22v24〉
+ 12〈v22〉〈v22v4 cos (4 (ψ2 − ψ4))〉〈v24〉
{6, 1} {4} 〈v62v4 cos (4 (ψ2 − ψ4))〉 − 6〈v42〉〈v22v4 cos (4 (ψ2 − ψ4))〉 − 8〈v22〉〈v42v4 cos (4 (ψ2 − ψ4))〉+ 24〈v22〉2〈v22v4 cos (4 (ψ2 − ψ4))〉
{4, 4} {8}
〈v44v42 cos (8 (ψ2 − ψ4))〉 − 18〈v22v4 cos (4 (ψ2 − ψ4))〉〈v22v34 cos (4 (ψ2 − ψ4))〉 − 3〈v24〉〈v42v24 cos (8 (ψ2 − ψ4))〉
+ 36〈v22v4 cos (4 (ψ2 − ψ4))〉2〈v24〉
{6, 2} {8}
〈v62v24 cos (8 (ψ2 − ψ4))〉 − 20〈v22v4 cos (4 (ψ2 − ψ4))〉〈v42v4 cos (4 (ψ2 − ψ4))〉 − 5〈v22〉〈v42v24 cos (8 (ψ2 − ψ4))〉
+ 60〈v22〉〈v22v4 cos (4 (ψ2 − ψ4))〉2
{2, 6} {0} 〈v22v64〉 − 9〈v22v24〉〈v44〉 − 9〈v24〉〈v22v44〉 − 〈v22〉〈v64〉+ 36〈v24〉2〈v22v24〉+ 18〈v22〉〈v24〉〈v44〉 − 36〈v22〉〈v24〉3
{4, 4} {0}
〈v42v44〉 − 8〈v22v24〉2 − 4〈v24〉〈v42v24〉 − 〈v42〉〈v44〉 − 4〈v22〉〈v22v44〉+ 4〈v42〉〈v24〉2 + 32〈v22〉〈v24〉〈v22v24〉+ 4〈v22〉2〈v44〉 − 24〈v22〉2〈v24〉2
− 4〈v22v4 cos (4 (ψ2 − ψ4))〉〈v22v34 cos (4 (ψ2 − ψ4))〉+ 8〈v22v4 cos (4 (ψ2 − ψ4))〉2〈v24〉
{6, 2} {0}
〈v62v24〉 − 〈v62〉〈v24〉 − 9〈v42〉〈v22v24〉 − 9〈v22〉〈v42v24〉+ 18〈v22〉〈v42〉〈v24〉+ 36〈v22〉2〈v22v24〉 − 36〈v22〉3〈v24〉
− 6〈v22v4 cos (4 (ψ2 − ψ4))〉〈v42v4 cos (4 (ψ2 − ψ4))〉+ 18〈v22〉〈v22v4 cos (4 (ψ2 − ψ4))〉2
{m1,m2} {α} c{α}2,5 {m1,m2}
{2, 2} {0} 〈v22v25〉 − 〈v22〉〈v25〉
{2, 4} {0} 〈v22v45〉 − 4〈v25〉〈v22v25〉 − 〈v22〉〈v45〉+ 4〈v22〉〈v25〉2
{4, 2} {0} 〈v42v25〉 − 〈v42〉〈v25〉 − 4〈v22〉〈v22v25〉+ 4〈v22〉2〈v25〉
{5, 2} {10} 〈v52v25 cos (10 (ψ2 − ψ5))〉
{2, 6} {0} 〈v22v65〉 − 9〈v22v25〉〈v45〉 − 9〈v25〉〈v22v45〉 − 〈v22〉〈v65〉+ 36〈v25〉2〈v22v25〉+ 18〈v22〉〈v25〉〈v45〉 − 36〈v22〉〈v25〉3
{4, 4} {0} 〈v42v45〉 − 8〈v22v25〉2 − 4〈v25〉〈v42v25〉 − 〈v42〉〈v45〉 − 4〈v22〉〈v22v45〉+ 4〈v42〉〈v25〉2 + 32〈v22〉〈v25〉〈v22v25〉+ 4〈v22〉2〈v45〉 − 24〈v22〉2〈v25〉2
{6, 2} {0} 〈v62v25〉 − 〈v62〉〈v25〉 − 9〈v42〉〈v22v25〉 − 9〈v22〉〈v42v25〉+ 18〈v22〉〈v42〉〈v25〉+ 36〈v22〉2〈v22v25〉 − 36〈v22〉3〈v25〉
{m1,m2} {α} c{α}2,6 {m1,m2}
{3, 1} {6} 〈v32v6 cos (6 (ψ2 − ψ6))〉
{2, 2} {0} 〈v22v26〉 − 〈v22〉〈v26〉
{3, 3} {6} 〈v36v32 cos (6 (ψ2 − ψ6))〉 − 2〈v32v6 cos (6 (ψ2 − ψ6))〉〈v26〉
{5, 1} {6} 〈v52v6 cos (6 (ψ2 − ψ6))〉 − 4〈v22〉〈v32v6 cos (6 (ψ2 − ψ6))〉
{2, 4} {0} 〈v22v46〉 − 4〈v26〉〈v22v26〉 − 〈v22〉〈v46〉+ 4〈v22〉〈v26〉2
{4, 2} {0} 〈v42v26〉 − 〈v42〉〈v26〉 − 4〈v22〉〈v22v26〉+ 4〈v22〉2〈v26〉
{6, 2} {12} 〈v62v26 cos (12 (ψ2 − ψ6))〉 − 20〈v32v6 cos (6 (ψ2 − ψ6))〉2
{3, 5} {6} 〈v32v56 cos (6 (ψ2 − ψ6))〉 − 6〈v26〉〈v36v32 cos (6 (ψ2 − ψ6))〉 − 3〈v32v6 cos (6 (ψ2 − ψ6))〉〈v46〉+ 12〈v32v6 cos (6 (ψ2 − ψ6))〉〈v26〉2
{5, 3} {6}
〈v52v36 cos (6 (ψ2 − ψ6))〉 − 4〈v22〉〈v36v32 cos (6 (ψ2 − ψ6))〉 − 2〈v52v6 cos (6 (ψ2 − ψ6))〉〈v26〉 − 8〈v32v6 cos (6 (ψ2 − ψ6))〉〈v22v26〉
+ 16〈v22〉〈v32v6 cos (6 (ψ2 − ψ6))〉〈v26〉
{2, 6} {0} 〈v22v66〉 − 9〈v22v26〉〈v46〉 − 9〈v26〉〈v22v46〉 − 〈v22〉〈v66〉+ 36〈v26〉2〈v22v26〉+ 18〈v22〉〈v26〉〈v46〉 − 36〈v22〉〈v26〉3
{7, 1} {6} 〈v72v6 cos (6 (ψ2 − ψ6))〉 − 10〈v42〉〈v32v6 cos (6 (ψ2 − ψ6))〉 − 10〈v22〉〈v52v6 cos (6 (ψ2 − ψ6))〉+ 40〈v22〉2〈v32v6 cos (6 (ψ2 − ψ6))〉
{4, 4} {0} 〈v42v46〉 − 8〈v22v26〉2 − 4〈v26〉〈v42v26〉 − 〈v42〉〈v46〉 − 4〈v22〉〈v22v46〉+ 4〈v42〉〈v26〉2 + 32〈v22〉〈v26〉〈v22v26〉+ 4〈v22〉2〈v46〉 − 24〈v22〉2〈v26〉2
{6, 2} {0} 〈v62v26〉 − 〈v32v6 cos (6 (ψ2 − ψ6))〉2 − 〈v62〉〈v26〉 − 9〈v42〉〈v22v26〉 − 9〈v22〉〈v42v26〉+ 18〈v22〉〈v42〉〈v26〉+ 36〈v22〉2〈v22v26〉 − 36〈v22〉3〈v26〉
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{m1,m2} {α} c{α}3,4 {m1,m2}
{2, 2} {0} 〈v23v24〉 − 〈v23〉〈v24〉
{2, 4} {0} 〈v23v44〉 − 4〈v24〉〈v23v24〉 − 〈v23〉〈v44〉+ 4〈v23〉〈v24〉2
{4, 2} {0} 〈v43v24〉 − 〈v43〉〈v24〉 − 4〈v23〉〈v23v24〉+ 4〈v23〉2〈v24〉
{4, 3} {12} 〈v43v34 cos (12 (ψ3 − ψ4))〉
{2, 6} {0} 〈v23v64〉 − 9〈v23v24〉〈v44〉 − 9〈v24〉〈v23v44〉 − 〈v23〉〈v64〉+ 36〈v24〉2〈v23v24〉+ 18〈v23〉〈v24〉〈v44〉 − 36〈v23〉〈v24〉3
{4, 4} {0} 〈v43v44〉 − 8〈v23v24〉2 − 4〈v24〉〈v43v24〉 − 〈v43〉〈v44〉 − 4〈v23〉〈v23v44〉+ 4〈v43〉〈v24〉2 + 32〈v23〉〈v24〉〈v23v24〉+ 4〈v23〉2〈v44〉 − 24〈v23〉2〈v24〉2
{6, 2} {0} 〈v63v24〉 − 〈v63〉〈v24〉 − 9〈v43〉〈v23v24〉 − 9〈v23〉〈v43v24〉+ 18〈v23〉〈v43〉〈v24〉+ 36〈v23〉2〈v23v24〉 − 36〈v23〉3〈v24〉
{m1,m2} {α} c{α}3,5 {m1,m2}
{2, 2} {0} 〈v23v25〉 − 〈v23〉〈v25〉
{2, 4} {0} 〈v23v45〉 − 4〈v25〉〈v23v25〉 − 〈v23〉〈v45〉+ 4〈v23〉〈v25〉2
{4, 2} {0} 〈v43v25〉 − 〈v43〉〈v25〉 − 4〈v23〉〈v23v25〉+ 4〈v23〉2〈v25〉
{5, 3} {15} 〈v53v35 cos (15 (ψ3 − ψ5))〉
{2, 6} {0} 〈v23v65〉 − 9〈v23v25〉〈v45〉 − 9〈v25〉〈v23v45〉 − 〈v23〉〈v65〉+ 36〈v25〉2〈v23v25〉+ 18〈v23〉〈v25〉〈v45〉 − 36〈v23〉〈v25〉
{4, 4} {0} 〈v43v45〉 − 8〈v23v25〉2 − 4〈v25〉〈v43v25〉 − 〈v43〉〈v45〉 − 4〈v23〉〈v23v45〉+ 4〈v43〉〈v25〉2 + 32〈v23〉〈v25〉〈v23v25〉+ 4〈v23〉2〈v45〉 − 24〈v23〉2〈v25〉2
{6, 2} {0} 〈v63v25〉 − 〈v63〉〈v25〉 − 9〈v43〉〈v23v25〉 − 9〈v23〉〈v43v25〉+ 18〈v23〉〈v43〉〈v25〉+ 36〈v23〉2〈v23v25〉 − 36〈v23〉3〈v25〉
{m1,m2} {α} c{α}3,6 {m1,m2}
{2, 1} {6} 〈v23v6 cos (6 (ψ3 − ψ6))〉
{2, 2} {0} 〈v23v26〉 − 〈v23〉〈v26〉
{2, 3} {6} 〈v23v36 cos (6 (ψ3 − ψ6))〉 − 2〈v23v6 cos (6 (ψ3 − ψ6))〉〈v26〉
{4, 1} {6} 〈v43v6 cos (6 (ψ3 − ψ6))〉 − 3〈v23〉〈v23v6 cos (6 (ψ3 − ψ6))〉
{4, 2} {12} 〈v43v26 cos (12 (ψ3 − ψ6))〉 − 6〈v23v6 cos (6 (ψ3 − ψ6))〉2
{2, 4} {0} 〈v23v46〉 − 4〈v26〉〈v23v26〉 − 〈v23〉〈v46〉+ 4〈v23〉〈v26〉2
{4, 2} {0} 〈v43v26〉 − 〈v23v6 cos (6 (ψ3 − ψ6))〉2 − 〈v43〉〈v26〉 − 4〈v23〉〈v23v26〉+ 4〈v23〉2〈v26〉
{2, 5} {6} 〈v23v56 cos (6 (ψ3 − ψ6))〉 − 6〈v26〉〈v23v36 cos (6 (ψ3 − ψ6))〉 − 3〈v23v6 cos (6 (ψ3 − ψ6))〉〈v46〉+ 12〈v23v6 cos (6 (ψ3 − ψ6))〉〈v26〉2
{4, 3} {6}
〈v43v36 cos (6 (ψ3 − ψ6))〉 − 3〈v23〉〈v23v36 cos (6 (ψ3 − ψ6))〉 − 2〈v43v6 cos (6 (ψ3 − ψ6))〉〈v26〉 − 6〈v23v6 cos (6 (ψ3 − ψ6))〉〈v23v26〉
+ 12〈v23〉〈v23v6 cos (6 (ψ3 − ψ6))〉〈v26〉
{6, 1} {6} 〈v63v6 cos (6 (ψ3 − ψ6))〉 − 6〈v43〉〈v23v6 cos (6 (ψ3 − ψ6))〉 − 8〈v23〉〈v43v6 cos (6 (ψ3 − ψ6))〉+ 24〈v23〉2〈v23v6 cos (6 (ψ3 − ψ6))〉
{4, 4} {12}
〈v46v43 cos (12 (ψ3 − ψ6))〉 − 18〈v23v6 cos (6 (ψ3 − ψ6))〉〈v23v36 cos (6 (ψ3 − ψ6))〉 − 3〈v26〉〈v43v26 cos (12 (ψ3 − ψ6))〉
+ 36〈v23v6 cos (6 (ψ3 − ψ6))〉2〈v26〉
{6, 2} {12}
〈v63v26 cos (12 (ψ3 − ψ6))〉 − 20〈v23v6 cos (6 (ψ3 − ψ6))〉〈v43v6 cos (6 (ψ3 − ψ6))〉 − 5〈v23〉〈v43v26 cos (12 (ψ3 − ψ6))〉
+ 60〈v23〉〈v23v6 cos (6 (ψ3 − ψ6))〉2
{2, 6} {0} 〈v23v66〉 − 9〈v23v26〉〈v46〉 − 9〈v26〉〈v23v46〉 − 〈v23〉〈v66〉+ 36〈v26〉2〈v23v26〉+ 18〈v23〉〈v26〉〈v46〉 − 36〈v23〉〈v26〉3
{4, 4} {0}
〈v43v46〉 − 8〈v23v26〉2 − 4〈v26〉〈v43v26〉 − 〈v43〉〈v46〉−4〈v23〉〈v23v46〉+ 4〈v43〉〈v26〉2 + 32〈v23〉〈v26〉〈v23v26〉+ 4〈v23〉2〈v46〉 − 24〈v23〉2〈v26〉2
− 4〈v23v6 cos (6 (ψ3 − ψ6))〉〈v23v36 cos (6 (ψ3 − ψ6))〉+ 8〈v23v6 cos (6 (ψ3 − ψ6))〉2〈v26〉
{6, 2} {0}
〈v63v26〉 − 〈v63〉〈v26〉 − 9〈v43〉〈v23v26〉 − 9〈v23〉〈v43v26〉+ 18〈v23〉〈v43〉〈v26〉+ 36〈v23〉2〈v23v26〉 − 36〈v23〉3〈v26〉
− 6〈v23v6 cos (6 (ψ3 − ψ6))〉〈v43v6 cos (6 (ψ3 − ψ6))〉+ 18〈v23〉〈v23v6 cos (6 (ψ3 − ψ6))〉2
{m1,m2} {α} c{α}4,5 {m1,m2}
{2, 2} {0} 〈v24v25〉 − 〈v24〉〈v25〉
{2, 4} {0} 〈v24v45〉 − 4〈v25〉〈v24v25〉 − 〈v24〉〈v45〉+ 4〈v24〉〈v25〉2
{4, 2} {0} 〈v44v25〉 − 〈v44〉〈v25〉 − 4〈v24〉〈v24v25〉+ 4〈v24〉2〈v25〉
{2, 6} {0} 〈v24v65〉 − 9〈v24v25〉〈v45〉 − 9〈v25〉〈v24v45〉 − 〈v24〉〈v65〉+ 36〈v25〉2〈v24v25〉+ 18〈v24〉〈v25〉〈v45〉 − 36〈v24〉〈v25〉3
{4, 4} {0} 〈v44v45〉 − 8〈v24v25〉2 − 4〈v25〉〈v44v25〉 − 〈v44〉〈v45〉 − 4〈v24〉〈v24v45〉+ 4〈v44〉〈v25〉2 + 32〈v24〉〈v25〉〈v24v25〉+ 4〈v24〉2〈v45〉 − 24〈v24〉2〈v25〉2
{6, 2} {0} 〈v64v25〉 − 〈v64〉〈v25〉 − 9〈v44〉〈v24v25〉 − 9〈v24〉〈v44v25〉+ 18〈v24〉〈v44〉〈v25〉+ 36〈v24〉2〈v24v25〉 − 36〈v24〉3〈v25〉
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{m1,m2} {α} c{α}4,6 {m1,m2}
{2, 2} {0} 〈v24v26〉 − 〈v24〉〈v26〉
{3, 2} {12} 〈v34v26 cos (12 (ψ4 − ψ6))〉
{2, 4} {0} 〈v24v46〉 − 4〈v26〉〈v24v26〉 − 〈v24〉〈v46〉+ 4〈v24〉〈v26〉2
{4, 2} {0} 〈v44v26〉 − 〈v44〉〈v26〉 − 4〈v24〉〈v24v26〉+ 4〈v24〉2〈v26〉
{3, 4} {12} 〈v34v46 cos (12 (ψ4 − ψ6))〉 − 3〈v26〉〈v34v26 cos (12 (ψ4 − ψ6))〉
{5, 2} {12} 〈v54v26 cos (12 (ψ4 − ψ6))〉 − 4〈v24〉〈v34v26 cos (12 (ψ4 − ψ6))〉
{2, 6} {0} 〈v24v66〉 − 9〈v24v26〉〈v46〉 − 9〈v26〉〈v24v46〉 − 〈v24〉〈v66〉+ 36〈v26〉2〈v24v26〉+ 18〈v24〉〈v26〉〈v46〉 − 36〈v24〉〈v26〉3
{4, 4} {0} 〈v44v46〉 − 8〈v24v26〉2 − 4〈v26〉〈v44v26〉 − 〈v44〉〈v46〉 − 4〈v24〉〈v24v46〉+ 4〈v44〉〈v26〉2 + 32〈v24〉〈v26〉〈v24v26〉+ 4〈v24〉2〈v46〉 − 24〈v24〉2〈v26〉2
{6, 2} {0} 〈v64v26〉 − 〈v64〉〈v26〉 − 9〈v44〉〈v24v26〉 − 9〈v24〉〈v44v26〉+ 18〈v24〉〈v44〉〈v26〉+ 36〈v24〉2〈v24v26〉 − 36〈v24〉3〈v26〉
{m1,m2} {α} c{α}5,6 {m1,m2}
{2, 2} {0} 〈v25v26〉 − 〈v25〉〈v26〉
{2, 4} {0} 〈v25v46〉 − 4〈v26〉〈v25v26〉 − 〈v25〉〈v46〉+ 4〈v25〉〈v26〉2
{4, 2} {0} 〈v45v26〉 − 〈v45〉〈v26〉 − 4〈v25〉〈v25v26〉+ 4〈v25〉2〈v26〉
{2, 6} {0} 〈v25v66〉 − 9〈v25v26〉〈v46〉 − 9〈v26〉〈v25v46〉 − 〈v25〉〈v66〉+ 36〈v26〉2〈v25v26〉+ 18〈v25〉〈v26〉〈v46〉 − 36〈v25〉〈v26〉3
{4, 4} {0} 〈v45v46〉 − 8〈v25v26〉2 − 4〈v26〉〈v45v26〉 − 〈v45〉〈v46〉 − 4〈v25〉〈v25v46〉+ 4〈v45〉〈v26〉2 + 32〈v25〉〈v26〉〈v25v26〉+ 4〈v25〉2〈v46〉 − 24〈v25〉2〈v26〉2
{6, 2} {0} 〈v65v26〉 − 〈v65〉〈v26〉 − 9〈v45〉〈v25v26〉 − 9〈v25〉〈v45v26〉+ 18〈v25〉〈v45〉〈v26〉+ 36〈v25〉2〈v25v26〉 − 36〈v25〉3〈v26〉
TABLE IV. Three-harmonics cumulants up to order six
{m1,m2,m3} {α1, α2} c{α1,α2}2,3,4 {m1,m2,m3}
{1, 2, 1} {6,−4} 〈v23v2v4 cos (2 (ψ2 − 3ψ3 + 2ψ4))〉
{1, 2, 2} {−6, 8} 〈v24v23v2 cos (2 (ψ2 + 3ψ3 − 4ψ4))〉
{2, 2, 1} {0, 4} 〈v23v22v4 cos (4 (ψ2 − ψ4))〉 − 〈v23〉〈v22v4 cos (4 (ψ2 − ψ4))〉
{1, 2, 3} {6,−4} 〈v23v34v2 cos (2 (ψ2 − 3ψ3 + 2ψ4))〉 − 2〈v23v2v4 cos (2 (ψ2 − 3ψ3 + 2ψ4))〉〈v24〉
{1, 4, 1} {6,−4} 〈v43v2v4 cos (2 (ψ2 − 3ψ3 + 2ψ4))〉 − 3〈v23〉〈v23v2v4 cos (2 (ψ2 − 3ψ3 + 2ψ4))〉
{2, 2, 2} {0, 0} 〈v22v23v24〉 − 〈v22v23〉〈v24〉 − 〈v23〉〈v22v24〉 − 〈v22〉〈v23v24〉+ 2〈v22〉〈v23〉〈v24〉
{3, 2, 1} {6,−4} 〈v32v23v4 cos (2 (ψ2 − 3ψ3 + 2ψ4))〉 − 2〈v22〉〈v23v2v4 cos (2 (ψ2 − 3ψ3 + 2ψ4))〉
{m1,m2,m3} {α1, α2} c{α1,α2}2,3,5 {m1,m2,m3}
{1, 1, 1} {−3, 5} 〈v2v3v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉
{1, 1, 3} {−3, 5} 〈v35v2v3 cos (2ψ2 + 3ψ3 − 5ψ5)〉 − 2〈v25〉〈v2v3v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉
{1, 3, 1} {−3, 5} 〈v33v2v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉 − 2〈v23〉〈v2v3v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉
{3, 1, 1} {−3, 5} 〈v32v3v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉 − 2〈v22〉〈v2v3v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉
{2, 2, 2} {−6, 10} 〈v25v23v22 cos (4ψ2 + 6ψ3 − 10ψ5)〉 − 4〈v2v3v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉2
{4, 1, 1} {3, 5} 〈v42v3v5 cos (8ψ2 − 3ψ3 − 5ψ5)〉
{2, 3, 1} {9,−5} 〈v22v33v5 cos (4ψ2 − 9ψ3 + 5ψ5)〉
{2, 2, 2} {0, 0} 〈v22v23v25〉 − 〈v2v3v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉2 − 〈v22v23〉〈v25〉 − 〈v23〉〈v22v25〉 − 〈v22〉〈v23v25〉+ 2〈v22〉〈v23〉〈v25〉
{m1,m2,m3} {α1, α2} c{α1,α2}2,3,6 {m1,m2,m3}
{2, 2, 1} {−6, 6} 〈v23v22v6 cos (6 (ψ3 − ψ6))〉 − 〈v22〉〈v23v6 cos (6 (ψ3 − ψ6))〉
{3, 2, 1} {0, 6} 〈v32v23v6 cos (6 (ψ2 − ψ6))〉 − 〈v23〉〈v32v6 cos (6 (ψ2 − ψ6))〉
{2, 2, 2} {0, 0} 〈v22v23v26〉 − 〈v22v23〉〈v26〉 − 〈v23〉〈v22v26〉 − 〈v22〉〈v23v26〉+ 2〈v22〉〈v23〉〈v26〉
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{m1,m2,m3} {α1, α2} c{α1,α2}2,4,5 {m1,m2,m3}
{1, 2, 2} {−8, 10} 〈v25v24v2 cos (2 (ψ2 + 4ψ4 − 5ψ5))〉
{2, 1, 2} {4, 0} 〈v25v22v4 cos (4 (ψ2 − ψ4))〉 − 〈v22v4 cos (4 (ψ2 − ψ4))〉〈v25〉
{3, 1, 2} {−4, 10} 〈v25v32v4 cos (6ψ2 + 4ψ4 − 10ψ5)〉
{1, 3, 2} {12,−10} 〈v25v34v2 cos (2 (ψ2 − 6ψ4 + 5ψ5))〉
{2, 2, 2} {0, 0} 〈v22v24v25〉 − 〈v22v24〉〈v25〉 − 〈v24〉〈v22v25〉 − 〈v22〉〈v24v25〉+ 2〈v22〉〈v24〉〈v25〉
{m1,m2,m3} {α1, α2} c{α1,α2}2,4,6 {m1,m2,m3}
{1, 1, 1} {−4, 6} 〈v2v4v6 cos (2 (ψ2 + 2ψ4 − 3ψ6))〉
{1, 2, 1} {8,−6} 〈v24v2v6 cos (2 (ψ2 − 4ψ4 + 3ψ6))〉
{1, 1, 3} {−4, 6} 〈v36v2v4 cos (2 (ψ2 + 2ψ4 − 3ψ6))〉 − 2〈v2v4v6 cos (2 (ψ2 + 2ψ4 − 3ψ6))〉〈v26〉
{1, 3, 1} {−4, 6} 〈v34v2v6 cos (2 (ψ2 + 2ψ4 − 3ψ6))〉 − 2〈v24〉〈v2v4v6 cos (2 (ψ2 + 2ψ4 − 3ψ6))〉
{2, 1, 2} {4, 0} 〈v26v22v4 cos (4 (ψ2 − ψ4))〉 − 〈v22v4 cos (4 (ψ2 − ψ4))〉〈v26〉
{3, 1, 1} {−4, 6} 〈v32v4v6 cos (2 (ψ2 + 2ψ4 − 3ψ6))〉 − 2〈v22〉〈v2v4v6 cos (2 (ψ2 + 2ψ4 − 3ψ6))〉
{2, 2, 2} {−8, 12} 〈v26v24v22 cos (4 (ψ2 + 2ψ4 − 3ψ6))〉 − 4〈v2v4v6 cos (2 (ψ2 + 2ψ4 − 3ψ6))〉2
{3, 2, 1} {0, 6} 〈v32v24v6 cos (6 (ψ2 − ψ6))〉 − 3〈v22v4 cos (4 (ψ2 − ψ4))〉〈v2v4v6 cos (2 (ψ2 + 2ψ4 − 3ψ6))〉 − 〈v24〉〈v32v6 cos (6 (ψ2 − ψ6))〉
{1, 2, 3} {8,−6} 〈v24v36v2 cos (2 (ψ2 − 4ψ4 + 3ψ6))〉 − 2〈v24v2v6 cos (2 (ψ2 − 4ψ4 + 3ψ6))〉〈v26〉
{1, 4, 1} {8,−6} 〈v44v2v6 cos (2 (ψ2 − 4ψ4 + 3ψ6))〉 − 3〈v24〉〈v24v2v6 cos (2 (ψ2 − 4ψ4 + 3ψ6))〉
{2, 2, 2} {0, 0} 〈v22v24v26〉 − 〈v2v4v6 cos (2 (ψ2 + 2ψ4 − 3ψ6))〉2 − 〈v22v24〉〈v26〉 − 〈v24〉〈v22v26〉 − 〈v22〉〈v24v26〉+ 2〈v22〉〈v24〉〈v26〉
{3, 2, 1} {8,−6}
〈v32v24v6 cos (2 (ψ2 − 4ψ4 + 3ψ6))〉 − 2〈v22v4 cos (4 (ψ2 − ψ4))〉〈v2v4v6 cos (2 (ψ2 + 2ψ4 − 3ψ6))〉
− 2〈v22〉〈v24v2v6 cos (2 (ψ2 − 4ψ4 + 3ψ6))〉
{m1,m2,m3} {α1, α2} c{α1,α2}2,5,6 {m1,m2,m3}
{1, 2, 2} {−10, 12} 〈v26v25v2 cos (2 (ψ2 + 5ψ5 − 6ψ6))〉
{2, 2, 1} {10,−6} 〈v25v22v6 cos (4ψ2 − 10ψ5 + 6ψ6)〉
{3, 2, 1} {0, 6} 〈v32v25v6 cos (6 (ψ2 − ψ6))〉 − 〈v25〉〈v32v6 cos (6 (ψ2 − ψ6))〉
{2, 2, 2} {0, 0} 〈v22v25v26〉 − 〈v22v25〉〈v26〉 − 〈v25〉〈v22v26〉 − 〈v22〉〈v25v26〉+ 2〈v22〉〈v25〉〈v26〉
{m1,m2,m3} {α1, α2} c{α1,α2}3,4,5 {m1,m2,m3}
{1, 2, 1} {8,−5} 〈v24v3v5 cos (3ψ3 − 8ψ4 + 5ψ5)〉
{2, 1, 2} {−4, 10} 〈v25v23v4 cos (6ψ3 + 4ψ4 − 10ψ5)〉
{3, 1, 1} {4, 5} 〈v33v4v5 cos (9ψ3 − 4ψ4 − 5ψ5)〉
{1, 2, 3} {8,−5} 〈v24v35v3 cos (3ψ3 − 8ψ4 + 5ψ5)〉 − 2〈v24v3v5 cos (3ψ3 − 8ψ4 + 5ψ5)〉〈v25〉
{1, 4, 1} {8,−5} 〈v44v3v5 cos (3ψ3 − 8ψ4 + 5ψ5)〉 − 3〈v24〉〈v24v3v5 cos (3ψ3 − 8ψ4 + 5ψ5)〉
{2, 2, 2} {0, 0} 〈v23v24v25〉 − 〈v23v24〉〈v25〉 − 〈v24〉〈v23v25〉 − 〈v23〉〈v24v25〉+ 2〈v23〉〈v24〉〈v25〉
{3, 2, 1} {8,−5} 〈v33v24v5 cos (3ψ3 − 8ψ4 + 5ψ5)〉 − 2〈v23〉〈v24v3v5 cos (3ψ3 − 8ψ4 + 5ψ5)〉
{m1,m2,m3} {α1, α2} c{α1,α2}3,4,6 {m1,m2,m3}
{2, 2, 1} {0, 6} 〈v24v23v6 cos (6 (ψ3 − ψ6))〉 − 〈v24〉〈v23v6 cos (6 (ψ3 − ψ6))〉
{2, 3, 1} {12,−6} 〈v23v34v6 cos (6 (ψ3 − 2ψ4 + ψ6))〉
{2, 2, 2} {0, 0} 〈v23v24v26〉 − 〈v23v24〉〈v26〉 − 〈v24〉〈v23v26〉 − 〈v23〉〈v24v26〉+ 2〈v23〉〈v24〉〈v26〉
{m1,m2,m3} {α1, α2} c{α1,α2}3,5,6 {m1,m2,m3}
{2, 2, 1} {0, 6} 〈v25v23v6 cos (6 (ψ3 − ψ6))〉 − 〈v25〉〈v23v6 cos (6 (ψ3 − ψ6))〉
{1, 3, 2} {15,−12} 〈v26v35v3 cos (3 (ψ3 − 5ψ5 + 4ψ6))〉
{2, 2, 2} {0, 0} 〈v23v25v26〉 − 〈v23v25〉〈v26〉 − 〈v25〉〈v23v26〉 − 〈v23〉〈v25v26〉+ 2〈v23〉〈v25〉〈v26〉
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{m1,m2,m3} {α1, α2} c{α1,α2}4,5,6 {m1,m2,m3}
{1, 2, 1} {10,−6} 〈v25v4v6 cos (4ψ4 − 10ψ5 + 6ψ6)〉
{1, 2, 3} {10,−6} 〈v25v36v4 cos (4ψ4 − 10ψ5 + 6ψ6)〉 − 2〈v25v4v6 cos (4ψ4 − 10ψ5 + 6ψ6)〉〈v26〉
{1, 4, 1} {10,−6} 〈v45v4v6 cos (4ψ4 − 10ψ5 + 6ψ6)〉 − 3〈v25〉〈v25v4v6 cos (4ψ4 − 10ψ5 + 6ψ6)〉
{2, 2, 2} {0, 0} 〈v24v25v26〉 − 〈v24v25〉〈v26〉 − 〈v25〉〈v24v26〉 − 〈v24〉〈v25v26〉+ 2〈v24〉〈v25〉〈v26〉
{3, 2, 1} {10,−6} 〈v34v25v6 cos (4ψ4 − 10ψ5 + 6ψ6)〉 − 2〈v24〉〈v25v4v6 cos (4ψ4 − 10ψ5 + 6ψ6)〉
{2, 2, 3} {−10, 18} 〈v36v25v24 cos (2 (4ψ4 + 5ψ5 − 9ψ6))〉
{3, 2, 2} {0, 12} 〈v26v25v34 cos (12 (ψ4 − ψ6))〉 − 〈v25〉〈v34v26 cos (12 (ψ4 − ψ6))〉
{4, 2, 1} {10, 6} 〈v44v25v6 cos (2 (8ψ4 − 5ψ5 − 3ψ6))〉
TABLE V. Four-harmonics cumulants up to order six
{m1,m2,m3,m4} {α1, α2, α3} c{α1,α2,α3}2,3,4,5 {m1,m2,m3,m4}
{1, 1, 1, 1} {3, 4,−5} 〈v2v3v4v5 cos (2ψ2 − 3ψ3 − 4ψ4 + 5ψ5)〉
{1, 1, 2, 1} {−3, 0, 5} 〈v24v2v5v3 cos (2ψ2 + 3ψ3 − 5ψ5)〉 − 〈v24〉〈v2v3v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉
{2, 1, 1, 1} {3,−4, 5} 〈v22v3v4v5 cos (4ψ2 − 3ψ3 + 4ψ4 − 5ψ5)〉
{3, 1, 1, 1} {−3, 4, 5} 〈v32v3v4v5 cos (6ψ2 + 3ψ3 − 4ψ4 − 5ψ5)〉 − 3〈v22v4 cos (4 (ψ2 − ψ4))〉〈v2v3v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉
{1, 1, 1, 3} {3, 4,−5} 〈v35v2v4v3 cos (2ψ2 − 3ψ3 − 4ψ4 + 5ψ5)〉 − 2〈v2v3v4v5 cos (2ψ2 − 3ψ3 − 4ψ4 + 5ψ5)〉〈v25〉
{1, 1, 3, 1} {3, 4,−5} 〈v34v2v5v3 cos (2ψ2 − 3ψ3 − 4ψ4 + 5ψ5)〉 − 2〈v24〉〈v2v3v4v5 cos (2ψ2 − 3ψ3 − 4ψ4 + 5ψ5)〉
{1, 2, 1, 2} {6,−4, 0} 〈v25v23v2v4 cos (2 (ψ2 − 3ψ3 + 2ψ4))〉 − 〈v23v2v4 cos (2 (ψ2 − 3ψ3 + 2ψ4))〉〈v25〉
{1, 3, 1, 1} {3, 4,−5} 〈v33v2v5v4 cos (2ψ2 − 3ψ3 − 4ψ4 + 5ψ5)〉 − 2〈v23〉〈v2v3v4v5 cos (2ψ2 − 3ψ3 − 4ψ4 + 5ψ5)〉
{2, 1, 2, 1} {−3, 8,−5} 〈v24v22v5v3 cos (3ψ3 − 8ψ4 + 5ψ5)〉 − 〈v22〉〈v24v3v5 cos (3ψ3 − 8ψ4 + 5ψ5)〉
{3, 1, 1, 1} {3, 4,−5}
〈v32v3v4v5 cos (2ψ2 − 3ψ3 − 4ψ4 + 5ψ5)〉 − 〈v22v4 cos (4 (ψ2 − ψ4))〉〈v2v3v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉
− 2〈v22〉〈v2v3v4v5 cos (2ψ2 − 3ψ3 − 4ψ4 + 5ψ5)〉
{m1,m2,m3,m4} {α1, α2, α3} c{α1,α2,α3}2,3,4,6 {m1,m2,m3,m4}
{1, 2, 1, 1} {0,−4, 6} 〈v23v2v6v4 cos (2 (ψ2 + 2ψ4 − 3ψ6))〉 − 〈v23〉〈v2v4v6 cos (2 (ψ2 + 2ψ4 − 3ψ6))〉
{1, 2, 1, 2} {−6,−4, 12} 〈v26v23v2v4 cos (2 (ψ2 + 3ψ3 + 2ψ4 − 6ψ6))〉 − 2〈v23v6 cos (6 (ψ3 − ψ6))〉〈v2v4v6 cos (2 (ψ2 + 2ψ4 − 3ψ6))〉
{2, 2, 1, 1} {−6, 4, 6} 〈v23v22v6v4 cos (4ψ2 + 6ψ3 − 4ψ4 − 6ψ6)〉 − 〈v22v4 cos (4 (ψ2 − ψ4))〉〈v23v6 cos (6 (ψ3 − ψ6))〉
{1, 2, 2, 1} {0, 8,−6} 〈v24v23v2v6 cos (2 (ψ2 − 4ψ4 + 3ψ6))〉 − 〈v23〉〈v24v2v6 cos (2 (ψ2 − 4ψ4 + 3ψ6))〉
{1, 2, 1, 2} {6,−4, 0}
〈v26v23v2v4 cos (2 (ψ2 − 3ψ3 + 2ψ4))〉 − 〈v23v6 cos (6 (ψ3 − ψ6))〉〈v2v4v6 cos (2 (ψ2 + 2ψ4 − 3ψ6))〉
− 〈v23v2v4 cos (2 (ψ2 − 3ψ3 + 2ψ4))〉〈v26〉
{2, 2, 1, 1} {6, 4,−6} 〈v23v22v6v4 cos (4ψ2 − 6ψ3 − 4ψ4 + 6ψ6)〉 − 〈v22v4 cos (4 (ψ2 − ψ4))〉〈v23v6 cos (6 (ψ3 − ψ6))〉
{m1,m2,m3,m4} {α1, α2, α3} c{α1,α2,α3}2,3,5,6 {m1,m2,m3,m4}
{1, 1, 1, 1} {3, 5,−6} 〈v2v3v5v6 cos (2ψ2 − 3ψ3 − 5ψ5 + 6ψ6)〉
{1, 1, 1, 2} {−3, 5, 0} 〈v26v2v5v3 cos (2ψ2 + 3ψ3 − 5ψ5)〉 − 〈v2v3v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉〈v26〉
{2, 1, 1, 1} {3,−5, 6} 〈v22v3v5v6 cos (4ψ2 − 3ψ3 + 5ψ5 − 6ψ6)〉
{2, 1, 1, 2} {−3,−5, 12} 〈v26v22v5v3 cos (4ψ2 + 3ψ3 + 5ψ5 − 12ψ6)〉
{1, 3, 1, 1} {−9, 5, 6} 〈v33v2v6v5 cos (2ψ2 + 9ψ3 − 5ψ5 − 6ψ6)〉 − 3〈v2v3v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉〈v23v6 cos (6 (ψ3 − ψ6))〉
{1, 1, 1, 3} {3, 5,−6} 〈v36v2v5v3 cos (2ψ2 − 3ψ3 − 5ψ5 + 6ψ6)〉 − 2〈v2v3v5v6 cos (2ψ2 − 3ψ3 − 5ψ5 + 6ψ6)〉〈v26〉
{1, 1, 3, 1} {3, 5,−6} 〈v35v2v6v3 cos (2ψ2 − 3ψ3 − 5ψ5 + 6ψ6)〉 − 2〈v25〉〈v2v3v5v6 cos (2ψ2 − 3ψ3 − 5ψ5 + 6ψ6)〉
{1, 2, 2, 1} {6,−10, 6} 〈v25v23v2v6 cos (2 (ψ2 − 3ψ3 + 5ψ5 − 3ψ6))〉
{1, 3, 1, 1} {3, 5,−6}
〈v33v2v6v5 cos (2ψ2 − 3ψ3 − 5ψ5 + 6ψ6)〉 − 〈v2v3v5 cos (2ψ2 + 3ψ3 − 5ψ5)〉〈v23v6 cos (6 (ψ3 − ψ6))〉
− 2〈v23〉〈v2v3v5v6 cos (2ψ2 − 3ψ3 − 5ψ5 + 6ψ6)〉
{3, 1, 1, 1} {3, 5,−6} 〈v32v3v5v6 cos (2ψ2 − 3ψ3 − 5ψ5 + 6ψ6)〉 − 2〈v22〉〈v2v3v5v6 cos (2ψ2 − 3ψ3 − 5ψ5 + 6ψ6)〉
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{m1,m2,m3,m4} {α1, α2, α3} c{α1,α2,α3}2,4,5,6 {m1,m2,m3,m4}
{1, 1, 2, 1} {−4, 0, 6} 〈v25v2v6v4 cos (2 (ψ2 + 2ψ4 − 3ψ6))〉 − 〈v25〉〈v2v4v6 cos (2 (ψ2 + 2ψ4 − 3ψ6))〉
{1, 1, 2, 2} {4, 10,−12} 〈v26v25v2v4 cos (2 (ψ2 − 2ψ4 − 5ψ5 + 6ψ6))〉
{1, 2, 2, 1} {8, 0,−6} 〈v25v24v2v6 cos (2 (ψ2 − 4ψ4 + 3ψ6))〉 − 〈v25〉〈v24v2v6 cos (2 (ψ2 − 4ψ4 + 3ψ6))〉
{2, 1, 2, 1} {−4, 10,−6} 〈v25v22v6v4 cos (4ψ4 − 10ψ5 + 6ψ6)〉 − 〈v22〉〈v25v4v6 cos (4ψ4 − 10ψ5 + 6ψ6)〉
{m1,m2,m3,m4} {α1, α2, α3} c{α1,α2,α3}3,4,5,6 {m1,m2,m3,m4}
{1, 1, 1, 1} {4, 5,−6} 〈v3v4v5v6 cos (3ψ3 − 4ψ4 − 5ψ5 + 6ψ6)〉
{1, 1, 1, 2} {−4,−5, 12} 〈v26v3v5v4 cos (3ψ3 + 4ψ4 + 5ψ5 − 12ψ6)〉
{1, 2, 1, 1} {−8, 5, 6} 〈v24v3v6v5 cos (3ψ3 + 8ψ4 − 5ψ5 − 6ψ6)〉
{1, 1, 1, 3} {4, 5,−6} 〈v36v3v5v4 cos (3ψ3 − 4ψ4 − 5ψ5 + 6ψ6)〉 − 2〈v3v4v5v6 cos (3ψ3 − 4ψ4 − 5ψ5 + 6ψ6)〉〈v26〉
{1, 1, 3, 1} {4, 5,−6} 〈v35v3v6v4 cos (3ψ3 − 4ψ4 − 5ψ5 + 6ψ6)〉 − 2〈v25〉〈v3v4v5v6 cos (3ψ3 − 4ψ4 − 5ψ5 + 6ψ6)〉
{1, 2, 1, 2} {8,−5, 0} 〈v26v24v3v5 cos (3ψ3 − 8ψ4 + 5ψ5)〉 − 〈v24v3v5 cos (3ψ3 − 8ψ4 + 5ψ5)〉〈v26〉
{1, 3, 1, 1} {4, 5,−6} 〈v34v3v6v5 cos (3ψ3 − 4ψ4 − 5ψ5 + 6ψ6)〉 − 2〈v24〉〈v3v4v5v6 cos (3ψ3 − 4ψ4 − 5ψ5 + 6ψ6)〉
{2, 1, 2, 1} {−4, 10,−6} 〈v25v23v6v4 cos (4ψ4 − 10ψ5 + 6ψ6)〉 − 〈v23〉〈v25v4v6 cos (4ψ4 − 10ψ5 + 6ψ6)〉
{3, 1, 1, 1} {4, 5,−6} 〈v33v4v5v6 cos (3ψ3 − 4ψ4 − 5ψ5 + 6ψ6)〉 − 2〈v23〉〈v3v4v5v6 cos (3ψ3 − 4ψ4 − 5ψ5 + 6ψ6)〉
Appendix B: A complete study for statistical
fluctuation at the presence of flow fluctuation
This technical appendix is dedicated to a complete
study of flow statistical fluctuation at finite multiplic-
ity and at the presence of flow fluctuations. The algo-
rithm introduced here is implemented into the functions
Nsigma2Moment and Nsigma2MomentCorr in the package.
The Eq. (1) can be written in a more compact form if
we use the complex notation as the following,
f{vˆ}(ϕ) =
1
2pi
∞∑
n=−∞
vˆne
−inϕ, (B1)
where vˆ0 = 1, {vˆ} ≡ {vˆ1, vˆ2, . . .}, and vˆ−n = vˆ∗n. Using
this notation, we rewrite Eqs. (5) and (6) as
F (ϕ1, . . . , ϕM ) =∫ [ ∞∏
n=1
dvˆn
]
p(vˆ1, vˆ2, . . .)f{vˆ}(ϕ1) · · · f{vˆ}(ϕM ),
(B2)
where dvˆn ≡ dvn,xdvn,y. Note that by considering
p(vˆ1, vˆ2, . . .) as a delta function, the above relation re-
duces to Eq. (2).
Now by referring to Eq. (3), we can split the product
qa1 · · · qak as the following
Mkqa1 · · · qak =
∑
i1,...,ik
ei(a1ϕik+···+akϕi1 )
=
∑
i1
ei(a1+···+ak)ϕi1 +
∑
i1 6=i2
eia1ϕi1+i(a2+···+ak)ϕi2
+ · · ·+
∑
i1 6=i2
ei(a1+···+ak−1)ϕi1+iakϕi2ϕi2
+ · · ·+
∑
i1 6=···6=ik
ei(a1ϕik+···+akϕi1 ),
(B3)
where in the above, we have separated summations to
the terms that all k particles are auto-correlated, k − 1
particles are auto-correlated, up to the case that all the
auto-correlations are removed.
Before proceed, let us rewrite the above summation in
a more compact way by using set partitions. Consider
that the set of all partitions of the set X is shown by
PX,
P{i1, . . . , ik} =
{
{{i1, . . . , ik},
{{i1}, {i2, . . . , ik}}, . . . , {{i1}, . . . , {ik}}
}
.
(B4)
In analogy of P, we can define the operator I and A
which acts on the set {i1, . . . , ik} and {a1, . . . , ak} as
I ≡ I{i1, . . . , ik} =
{
{i1 = · · · = ik},
{i1 6= i2 = · · · = ik}, . . . , {i1 6= · · · 6= ik}
}
,
= {I1, . . . , IBk},
(B5)
and
A ≡ A{a1, . . . , ak} =
{
{a1 + . . .+ ak},
{a1, a2 + . . .+ ak}, . . . , {a1, . . . , ak}
}
,
= {A1, . . . ,ABk},
(B6)
where Bk is the Bell number corresponds to the number
of all partition of a set with k elements. Although these
definitions look complicated, they equip us to rewrite the
Eq. (B3) in a more compact way,
Mkqa1 · · · qak =
Bk∑
i=1
∑
Ii
ei(a1ϕik+···+akϕi1 ). (B7)
In performing the average 〈qa1 · · · qak〉 with respect to
F (ϕ1, . . . , ϕM ), there are different integration terms. For
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example∫
dϕ1 · · · dϕM f{vˆ}(ϕ1) · · · f{vˆ}(ϕM )
×
∑
i1 6=i2
eia1ϕi1+i(a2+···+ak)ϕi2 = M(M − 1)vˆa1 vˆa2+···+ak .
(B8)
Similar above, and by employing notations in Eqs. (B5)
and (B6), we obtain
〈qa1 · · · qak〉 =
1
Mk
∫ [ ∞∏
n=1
dvˆn
]
p(vˆ1, vˆ2, . . .)
M∏
i=1
f{vˆ}(ϕi)dϕi
×
Bk∑
j=1
∑
Ij
ei(a1ϕik+···+akϕi1 )
=
1
Mk
Bk∑
j=1
∑
Ij
〈
∏
z∈Aj
vˆz〉.
(B9)
The summation on Ij is trivial in the above. To find out
the final expression, we need to calculate the number of
terms in this summation. In fact, by noting that each ij
runs from 1 to M , it is easy to see that∑
Ij
1 = (M)||Ij ||, (B10)
where the (M)i = M(M − 1) · · · (M − i+ 1) is the falling
factorial, and ||Ii|| is the number of elements in the set
Ij . As a result, we eventually find
〈qa1 · · · qak〉 =
1
Mk
Bk∑
j=1
(M)||Aj ||〈
∏
z∈Aj
vˆz〉, (B11)
where we have used the fact that ||Ij || = ||Aj ||.
The last expression is rather simple. To make it more
clear, we elaborate two examples in the following. First
consider a1 = n and a2 = −n. In this case,
A = {{0}, {n,−n}} (B12)
which leads to
〈qnq−n〉 = 1
M2
[
M +M(M − 1)〈vˆnvˆ−n〉
]
=
1
M
+
M − 1
M
〈v2n〉
(B13)
For the second example, assume a1 = 2, a2 = 3, and
a3 = −5. In this special case, we have
A = {{0}, {2,−2}, {3,−3}, {5,−5}, {2, 3,−5}} (B14)
which consequently leads to
〈q2q3q−5〉 =
1
M3
[
M +M(M − 1)(〈vˆ2vˆ−2〉+ 〈vˆ3vˆ−3〉+ 〈vˆ5vˆ−5〉)
+M(M − 1)(M − 2)〈vˆ2vˆ3vˆ−5〉
]
=
1
M2
+
M − 1
M2
(〈v22〉+ 〈v23〉+ 〈v25〉)
+
(M − 1)(M − 2)
M2
〈v2v3v5ei(2ψ2+3ψ3−5ψ5)〉.
(B15)
Given the fact that the set IBk = {i1 6= · · · 6= nk} with
||IBk || = k is the unique most populated set in the set
of partitions I, only the term j = Bk survives the limit
M →∞ in Eq. (B11). As a result, we obtain
lim
M→∞
〈qa1 · · · qak〉events = 〈vˆa1 · · · vˆak〉. (B16)
which is manifestly correct, because in the limit M →
∞, there is no statistical fluctuation in a single event.
This indicates that the value of 〈qa1 · · · qak〉 where its
statistical fluctuation is removed is encoded in the part
IBk . Referring to Eq. (B9), and keep only the term j =
Bk form both sides, we obtain
〈vˆa1 · · · vˆak〉 =
(M − k)!
M !
〈
∑
i1 6=···6=ik
ei(a1ϕik+···+akϕi1 )〉.
(B17)
The LHS in the above is the desired moment of distribu-
tion p(vˆ1, vˆ2, . . .) while the RHS is the k-particle correla-
tion computed at finite M when all auto-correlations are
removed. This statement is true only when the average
〈· · ·〉events is performed over infinitely many number of
events N .
In the following, we compute the statistical fluctuation
of the RHS of Eq. (B17). Defining
Q = 1
(M)k
∑
i1 6=···6=ik
ei(a1ϕi1+···+akϕik ), (B18)
one can simply find
Q ≡
∫
dϕ1 · · ·ϕMF (ϕ1, . . . , ϕM )
[
1
N
N∑
i=1
Qi
]
= 〈Q〉events,
Q2 ≡
∫
dϕ1 · · ·ϕMF (ϕ1, . . . , ϕM )
[
1
N
N∑
i=1
Qi
]2
=
1
N
[〈Q2〉events + (N − 1)〈Q〉2events] .
(B19)
The quantity 〈Q〉events has been computed in Eq. (B17)
while we need to elaborate 〈Q2〉events. For that, we need
to study a summation as∑
i1 6=···6=ik
∑
ik+1 6=···6=i2k
· · · . (B20)
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Considering the set {i1, i2, . . . , i2k}, we immediately find
that in the summation Eq. (B20) no partion with more
than two elements are allowed. To see this assume a set
as {i1, x} where the element x can be any ij with j =
k+1, . . . , 2k. Add any third element to {i1, x} contradicts
with one of the inequalities i1 6= · · · 6= ik or ik+1 6= · · · 6=
i2k in Eq. (B20). As a result, the partitions are start
from sets as
{{i1, is1}, . . . , {ik, isk}}, (B21)
where (s1, . . . , sk) = perm(k + 1, . . . , 2k). We have k!
distinct sets as above. We are allowed to break each set
{ir, isr} into two and the result will be a legal partition.
After breaking all sets as {ir, isr} we reach to
{{i1}, . . . , {i2k}}. (B22)
Similar to ij partitions, the partitions for ni quantities
start from
{a1 + as′1 , . . . , ak + as′k} (B23)
where (s′1, . . . , s
′
k) = perm(1, . . . , k) and can be continued
by splitting each summation ai + as′i into two. Defining
the set
A′ ≡ {A′1, . . . ,A′fk}, (B24)
we obtain a relation similar Eq. (B11)
〈Q2〉 = 1
[(M)k]
2
fk∑
j=1
(M)||A′j ||〈
∏
z∈A′j
vˆz〉. (B25)
We define the events statistical uncertainty for the aver-
age 〈Q〉 as the following
σ2Q = Q2 −Q
2
=
1
N
[〈Q2〉events − 〈Q〉2events] . (B26)
Noting the fact that 〈Q〉 is simply the RHS of Eq. (B17),
the above relation is the most general equation for the
statistical uncertainty at the presence of flow fluctua-
tions.
For clarity, let us elaborate a simple example a1 = n,
a2 = −n. The partition set is given by
A′ = {{2n,−2n}, {0, 0}, {n, n,−2n}, {2n,−n,−n}
, {n,−n, 0}, {n, n,−n,−n}}.
(B27)
As a result, the statistical uncertainty of 〈v2n〉 is
σ2〈v2n〉 =
1
N
[
〈v22n〉+ 1
M(M − 1)+
2(M − 2)
M(M − 1)
[
〈v2nv2n cos(2n(ψn − ψ2n))〉+ 〈v2n〉
]
+
(M − 2)(M − 3)
M(M − 1) 〈v
4
n〉 − 〈v2n〉2
]
,
(B28)
compatible with [24, 33] for the cases that flow fluctua-
tion is ignored and ψn = ψ2n.
Expanding 〈Q2〉 in terms of M−1, we obtain a series
as
σ2Q =
1
N
σ2p +
∞∑
i=1
wi
N M i
(B29)
where wis are coefficients depending on k and different
combinations of vnis and
σ2p =
1
N
[〈vˆ2a1 · · · vˆ2ak〉 − 〈vˆa1 · · · vˆak〉2] . (B30)
Irrespective of the value of M , the statistical uncertainty
approaches to zero for N →∞. Additionally, in the limit
M →∞, the quantity σQ is proportional to 1/
√
N as we
expect from CLT, while for finite M there are extra terms
proportional to 1/NM i.
Appendix C: Flow fluctuation and particle
distribution decomposition
In this appendix, we introduce a generic procedure to
connect qth order cumulants to the qPC. We elaborate
3PC for n = 2, . . . , 5 explicitly at the end of the appendix.
By inserting Eq. (B1) into Eq. (B2), we find the following
expression,
F (ϕ1, . . . , ϕM ) =
1
(2pi)M
∑
a1,...,aM
〈vˆa1 · · · vˆaM 〉
× e−ia1ϕ1−···−iaMϕM .
(C1)
The above relation cannot be decomposed into product
of M distinct single particle distribution. However, we
are still able to rewrite the moment 〈vˆa1 · · · vˆaM 〉 as a
summation of all possible genuine correlations between
vˆais (cumulants 〈· · ·〉c),
〈vˆa1 · · · vˆaM 〉 = 〈vˆa1〉c · · · 〈vˆaM 〉c
+ 〈vˆa1 vˆa2〉c〈vˆa3〉c · · · 〈vˆaM 〉+ · · ·
...
+ 〈vˆa1 vˆa2〉c · · · 〈vˆaM−1 vˆaM 〉c + · · ·
...
+ 〈vˆa1 · · · vˆaM 〉c.
(C2)
Using above, we can rewrite Eq. (C1) as
F (ϕ1, . . . , ϕM ) = f{〈vˆ〉c}(ϕ1) · · · f{〈vˆ〉c}(ϕM )
+ Fflow-fluc(ϕ1, . . . , ϕM )
(C3)
where
Fflow-fluc(ϕ1, . . . , ϕM ) =
f〈vˆ1vˆ2〉c(ϕ1, ϕ2)f{〈vˆ〉c}(ϕ3) · · · f{〈vˆ〉c}(ϕM )
...
+ f〈vˆ1···vˆM 〉c(ϕ1, . . . , ϕM ).
(C4)
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and
f〈vˆ1···vˆq〉c(ϕ1, . . . , ϕq) =
1
(2pi)q
∑
a1,...,aq
〈vˆa1 · · · vˆaq 〉ce−ia1ϕ1−···−iaqϕq .
(C5)
We see from above that the apparent correlation induced
by fluctuation depends on the event by event fluctuation.
Considering the rotational symmetry, the constraint
a1 + · · · + ak = 0 should be added into the above sum-
mation. By this constraint, the cumulant 〈vˆa1 · · · vˆaq 〉c is
equivalent to that we have already studied in section III.
By defining
∆ϕk = ϕk+1 − ϕ1 (C6)
the qPC reads as
Cq(∆ϕ1, . . . ,∆ϕq−1) =
1
(2pi)q
[
1 + 2
∞∑
k=1
∑
n1,...,nk
α1,...,αk−1
∑
m1+···+mk=q
c{α1,...αk−1}n1,...,nk {m1, . . . ,mk}Φ{α1,...αk−1}n1,...,nk (∆ϕ1, . . . ,∆ϕk−1)
]
.
(C7)
The function Φ
{α1,...αk−1}
n1,...,nk (∆ϕ1, . . . ,∆ϕk−1) can be ob-
tained by comparing Eqs. (C5) and (C7) straightfor-
wardly. For instance
Φn(∆ϕ) = cos(n∆ϕ)
Φ
{4}
2,4 (∆ϕ1,∆ϕ2) = cos(2∆ϕ1 − 4∆ϕ2)
+ cos(−4∆ϕ1 + 2∆ϕ2) + cos(2∆ϕ1 + 2∆ϕ2)
Φ
{−3,5}
2,3,5 (∆ϕ1,∆ϕ2) = cos(3∆ϕ1 − 5∆ϕ2)
+ cos(−5∆ϕ1 + 3∆ϕ2) + cos(2∆ϕ1 − 5∆ϕ2)
+ cos(−5∆ϕ1 + 2∆ϕ2) + cos(2∆ϕ1 + 3∆ϕ2)
+ cos(3∆ϕ1 + 2∆ϕ2),
(C8)
and so on. The above expression for two-particle distri-
bution leads to the well-known result,
C2(∆ϕ) =
1
(2pi)2
[
1 + 2
∞∑
n=1
cn{2} cos(n∆ϕ)
]
. (C9)
Given the fact that for harmonics n = 2, . . . , 5, the only 3
order cumulants are c
{4}
2,4 {2, 1} and c{−3,5}2,3,5 {1, 1, 1}, 3PC
is written as
C3(∆ϕ1,∆ϕ2) =
1
(2pi)3
[
1 + 2c
{4}
2,4 {2, 1}Φ{4}2,4 (∆ϕ1,∆ϕ2)
+ 2c
{−3,5}
2,3,5 {1, 1, 1}Φ{−3,5}2,3,5 (∆ϕ1,∆ϕ2)
]
.
(C10)
The other correlation functions can be obtained accord-
ingly.
Appendix D: Rotationally symmetric generating
function
We elaborate the derivation of Eq. (21) here. We first
rewrite the distribution p(vn1,x, vn1,y, . . . , vnk,x, , vnk,y)
as follows,
p( ~Xn1,...,nk ,
~Yn1,...,nk) (D1)
where we have used the following notation
~X = (vn1,x, . . . , vnk,x),
~Y = (vn1,y, . . . , vnk,y).
(D2)
The generating function of the above distribution is writ-
ten as G(~P , ~Q) = 〈ei L〉 where
L = i ~X · ~P + i~Y · ~Q. (D3)
Similar to Eq. (D2), we have used the notation
~P = (kn1,x, . . . , knk,x),
~Q = (kn1,y, . . . , knk,y).
(D4)
Presenting Eq. (D3) in polar coordinate and in an arbi-
trary reaction plane angle ΦRP, we find
L = i
k∑
i=1
vni kni cos [ni (ψni − φni + ΦRP)] (D5)
where we have used (16) together with
kn,x = kn cosnφn, kn,y = kn sinnφn. (D6)
After changing variables δψni = ψni+1 −ψn1 and δφni =
φni+1 − φn1 , we obtain
L = i vn1kn1 cosn1(ψn1 − φn1 + ΦRP)
+ i
k∑
i=2
vnikni
× cos [ni (ψn1 + δψni−1 − δφni−1 − φn1 + ΦRP)] .
(D7)
We eventually fix our reference frame such that φn1 =
ΦRP to obtain Eq. (21).
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